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Stochastic Discount Factor Approach

Stochastic discount factor approach to asset pricing

pt = Et (mt+1xt+1), (1)

where

pt is asset price at time t
xt+1 = pt+1 + dt+1 is asset payo¤, where dt+1 denotes any dividend,
interest or other payments received at time t + 1
mt+1 is a stochastic discount factor (SDF) or pricing kernel which is a
function of data and parameters
Et (.) is a conditional expectation given the information set It

Asset prices are obtained by �discounting� the future payo¤s by the
SDF mt+1 so that the expected present value of the payo¤ is equal to
the current price.

equivalent to the no-arbitrage principle, provided that mt+1 > 0.

Unifying approach to pricing stocks, bonds and derivative products

(1) is referred to as fundamental pricing equation (Cochrane, 2001).
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Stochastic Discount Factor Approach

Dividing both sides of (1) by pt (assuming non-zero prices) and
rearranging

Et (mt+1Rt+1 � 1) = 0
or equivalently

E (mt+1Rt+1 � 1j It ) = 0
where Rt+1 =

xt+1
pt
= pt+1+dt+1

pt
denotes the gross asset return.

Portfolios based on excess returns Re = R � R f , where R f denotes
the risk-free rate, are zero-cost portfolios (borrow one dollar at
interest rate R f and invest it in a asset with return R).

since the risk-free rate is known ahead of time,
1 = E (mR f ) = E (m)R f and R f = 1/E (m).

In this case, with zero price and payo¤ Ret+1 = Rt+1 � R ft+1, the
fundamental pricing equation is given by

Et (mt+1Ret+1) = 0.
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Stochastic Discount Factor Approach: An Example

Suppose that a representative agent maximizes expected utility

∑∞
t=1 βtE [u(ct )jI0]

subject to a budget constraint

at+1 = (at + yt � ct )Rt+1,

where ct is consumption, at is an asset with gross return Rt , yt is
income and It is the information set at time t.

The �rst-order condition for an optimal consumption and portfolio
choice is given by

E
h

β
u 0(ct+1)
u 0(ct )

Rt+1 � 1
��� Iti = 0.

It takes the form of the fundamental pricing equation with the SDF
mt+1 = β

u 0(ct+1)
u 0(ct )

given by the intertemporal marginal rate of
substitution.
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Positivity of the Stochastic Discount Factor

It is possible for an SDF to price assets correctly and take on negative
values (especially linear SDFs considered below).

Such an SDF does not necessarily rule out arbitrage opportunities and
its use for pricing derivatives, for example, would be problematic.

No arbitrage , positive SDF; negative SDF 6) arbitrage opportunity.

But imposing explicitly the no-arbitrage constraint may have some
adverse e¤ects.

More on how and whether we should impose positivity of the SDF,
see Gospodinov, Kan and Robotti (2010).
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Beta Representation

By the law of iterated expectations, we have 1 = E (mt+1Rt+1).

From the covariance decomposition (suppressing the time index for
simplicity), the pricing equation for asset i can be rewritten as

1 = E (mR i )

= E (m)E (R i ) + Cov(m,R i ).

Then,

E (R i ) =
1

E (m)
� Cov(m,R

i )

E (m)

=
1

E (m)
+

�
Cov(m,R i )
Var(m)

� �
�Var(m)
E (m)

�
= γ+ βi ,mλm

using that 1/E (m) = R f = γ from above.
βi ,m = Cov(m,R

i )/Var(m) is the regression coe¢ cient of the return
R i on m and λm = �Var(m)/E (m) < 0 is the price of risk.
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Beta Representation

Some interesting observations emerge from rewriting

E (R i ) =
1

E (m)
� Cov(m,R

i )

E (m)

as
E (R i � R f ) = �R f Cov(m,R i ).

If Cov(c ,R i ) > 0, then Cov(m,R i ) < 0 (because as c increases,
u0 (c) decreases) and the expected excess returns are positive.

therefore, assets that have returns positively correlated with
consumption should pay more than the risk-free rate.

If Cov(c ,R i ) < 0, then the expected excess returns are negative.

these assets provide insurance against bad outcome and smooth
consumption.
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Beta Representation and Factor Models

Recall that the SDF m is a function of the data and parameters

Suppose now that m can be approximated by a linear function of k
(risk) factors f (proxies for marginal utility growth)

m = a+ b0f .

Then, substituting into the fundamental pricing equation and
rearranging (see Cochrane, 2005, pp.107-108), we get

E (R i ) = γ+ λ0βi ,

where βi are the multiple regression coe¢ cients of R
i on f and a

constant and λ is a vector of factor risk premia.
More speci�cally, the beta representation of a factor pricing model is

E (R i ) = γ+ βi ,1λ1 + ...+ βi ,kλk

βi ,k measures the exposure of asset i to risks associated with factor k
λk is the price of this risk exposure.
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Factor Models

Let i = 1, 2, ...,N be the number of assets, j = 1, 2, ..., k be the
number of risk factors and t = 1, 2, ...,T denote the number of time
series observations on these assets and factors.

First, β0s are estimated from the time series regression for each asset i

R it = ai + βi ,1f
1
t + ...+ βi ,k f

k
t + εit , t = 1, 2, ...,T .

Then, the estimated betas are used as regressors and the parameters
(γ,λ0)0 are estimated from the cross-sectional regression

E (R i ) = γ+ βi ,1λ1 + ...+ βi ,kλk + αi , i = 1, 2, ...,N.

αi are pricing errors; model predicts αi = 0
γ is the expected zero-beta rate, i.e. the expected return of any
security that is uncorrelated with each of the factors (β0,j = 0 for all j)
if there is a risk-free asset, γ is the return on this asset
γ and λ are the same for all assets.

Econ 643: Financial Economics II Asset Pricing Models March 9, 2011 9 / 22



Factor Models

Let i = 1, 2, ...,N be the number of assets, j = 1, 2, ..., k be the
number of risk factors and t = 1, 2, ...,T denote the number of time
series observations on these assets and factors.

First, β0s are estimated from the time series regression for each asset i

R it = ai + βi ,1f
1
t + ...+ βi ,k f

k
t + εit , t = 1, 2, ...,T .

Then, the estimated betas are used as regressors and the parameters
(γ,λ0)0 are estimated from the cross-sectional regression

E (R i ) = γ+ βi ,1λ1 + ...+ βi ,kλk + αi , i = 1, 2, ...,N.

αi are pricing errors; model predicts αi = 0
γ is the expected zero-beta rate, i.e. the expected return of any
security that is uncorrelated with each of the factors (β0,j = 0 for all j)
if there is a risk-free asset, γ is the return on this asset
γ and λ are the same for all assets.

Econ 643: Financial Economics II Asset Pricing Models March 9, 2011 9 / 22



Factor Models

Let i = 1, 2, ...,N be the number of assets, j = 1, 2, ..., k be the
number of risk factors and t = 1, 2, ...,T denote the number of time
series observations on these assets and factors.

First, β0s are estimated from the time series regression for each asset i

R it = ai + βi ,1f
1
t + ...+ βi ,k f

k
t + εit , t = 1, 2, ...,T .

Then, the estimated betas are used as regressors and the parameters
(γ,λ0)0 are estimated from the cross-sectional regression

E (R i ) = γ+ βi ,1λ1 + ...+ βi ,kλk + αi , i = 1, 2, ...,N.

αi are pricing errors; model predicts αi = 0
γ is the expected zero-beta rate, i.e. the expected return of any
security that is uncorrelated with each of the factors (β0,j = 0 for all j)
if there is a risk-free asset, γ is the return on this asset
γ and λ are the same for all assets.

Econ 643: Financial Economics II Asset Pricing Models March 9, 2011 9 / 22



Factor Models

Let i = 1, 2, ...,N be the number of assets, j = 1, 2, ..., k be the
number of risk factors and t = 1, 2, ...,T denote the number of time
series observations on these assets and factors.

First, β0s are estimated from the time series regression for each asset i

R it = ai + βi ,1f
1
t + ...+ βi ,k f

k
t + εit , t = 1, 2, ...,T .

Then, the estimated betas are used as regressors and the parameters
(γ,λ0)0 are estimated from the cross-sectional regression

E (R i ) = γ+ βi ,1λ1 + ...+ βi ,kλk + αi , i = 1, 2, ...,N.

αi are pricing errors; model predicts αi = 0

γ is the expected zero-beta rate, i.e. the expected return of any
security that is uncorrelated with each of the factors (β0,j = 0 for all j)
if there is a risk-free asset, γ is the return on this asset
γ and λ are the same for all assets.

Econ 643: Financial Economics II Asset Pricing Models March 9, 2011 9 / 22



Factor Models

Let i = 1, 2, ...,N be the number of assets, j = 1, 2, ..., k be the
number of risk factors and t = 1, 2, ...,T denote the number of time
series observations on these assets and factors.

First, β0s are estimated from the time series regression for each asset i

R it = ai + βi ,1f
1
t + ...+ βi ,k f

k
t + εit , t = 1, 2, ...,T .

Then, the estimated betas are used as regressors and the parameters
(γ,λ0)0 are estimated from the cross-sectional regression

E (R i ) = γ+ βi ,1λ1 + ...+ βi ,kλk + αi , i = 1, 2, ...,N.

αi are pricing errors; model predicts αi = 0
γ is the expected zero-beta rate, i.e. the expected return of any
security that is uncorrelated with each of the factors (β0,j = 0 for all j)

if there is a risk-free asset, γ is the return on this asset
γ and λ are the same for all assets.

Econ 643: Financial Economics II Asset Pricing Models March 9, 2011 9 / 22



Factor Models

Let i = 1, 2, ...,N be the number of assets, j = 1, 2, ..., k be the
number of risk factors and t = 1, 2, ...,T denote the number of time
series observations on these assets and factors.

First, β0s are estimated from the time series regression for each asset i

R it = ai + βi ,1f
1
t + ...+ βi ,k f

k
t + εit , t = 1, 2, ...,T .

Then, the estimated betas are used as regressors and the parameters
(γ,λ0)0 are estimated from the cross-sectional regression

E (R i ) = γ+ βi ,1λ1 + ...+ βi ,kλk + αi , i = 1, 2, ...,N.

αi are pricing errors; model predicts αi = 0
γ is the expected zero-beta rate, i.e. the expected return of any
security that is uncorrelated with each of the factors (β0,j = 0 for all j)
if there is a risk-free asset, γ is the return on this asset

γ and λ are the same for all assets.

Econ 643: Financial Economics II Asset Pricing Models March 9, 2011 9 / 22



Factor Models

Let i = 1, 2, ...,N be the number of assets, j = 1, 2, ..., k be the
number of risk factors and t = 1, 2, ...,T denote the number of time
series observations on these assets and factors.

First, β0s are estimated from the time series regression for each asset i

R it = ai + βi ,1f
1
t + ...+ βi ,k f

k
t + εit , t = 1, 2, ...,T .

Then, the estimated betas are used as regressors and the parameters
(γ,λ0)0 are estimated from the cross-sectional regression

E (R i ) = γ+ βi ,1λ1 + ...+ βi ,kλk + αi , i = 1, 2, ...,N.

αi are pricing errors; model predicts αi = 0
γ is the expected zero-beta rate, i.e. the expected return of any
security that is uncorrelated with each of the factors (β0,j = 0 for all j)
if there is a risk-free asset, γ is the return on this asset
γ and λ are the same for all assets.

Econ 643: Financial Economics II Asset Pricing Models March 9, 2011 9 / 22



Factor Models: Special Cases

Factor models are often estimated using excess returns

If the excess return of asset i over asset l (this does not have to be
the risk-free rate) is de�ned as Rei = R i � R l , the beta
representation is given by

E (Rei ) = βi ,1λ1 + ...+ βi ,kλk

βi ,k is the regression coe¢ cient of the excess return R
ei on the factor k

γ is eliminated from the model (by di¤erencing E (R i )� E (R l )).

If the factors are also excess returns (e.g., market excess returns),
then λj = E (f j ) and

E (Rei ) = βi ,1E (f
1) + ...+ βi ,kE (f

k )

in this case, the cross-sectional regression is redundant.

If the factors are non-traded factors (e.g., macroeconomic factors), λ
is the model�s predicted price rather than a market price of the factor.
A test of λ = 0 is a test of whether the factor is priced or not.
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Estimation of Factor Models

Consider a one-factor model, where the factor and the test assets are
excess returns.

The betas and the pricing errors are estimated from an OLS
time-series regression for each asset return

Reit = αi + βi ft + εit , t = 1, 2, ...,T ,

where E (εt jft ) = 0 and E (εt ε0t ) = Σ.

the pricing errors are bα = (bα1,bα2, ...,bαN )0
the residuals are bεit = Reit � bαi � bβi ft and bεt = (bε1t ,bε2t , ...,bεNt )0
the covariance matrix of the residuals is estimated as bΣ = 1

T ∑Tt=1bεtbε0t .

Because the factor is excess returns, λ = E (ft ) and the estimate of
the factor risk premium is just the sample mean of the factorbλ = 1

T ∑T
t=1 ft .

The model implies E (Rei ) = βiE (f ) and the pricing errors should be
jointly equal to zero.
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Evaluation of Factor Models

To test if the model is correctly speci�ed (i.e. the pricing errors are
zero), use the statistic

bα0[Var(bα)]�1bα = T �1+ � bµfbσf �2
��1 bα0bΣ�1bα � χ2N ,

where bµf and bσ2f denote the sample mean and variance of the factor.

If the pricing errors are close to zero, bα0[Var(bα)]�1bα is small and the
null hypothesis (H0 : α = 0) cannot be rejected.

If the pricing errors are large, the test statistic will exceed the critical
value from the chi-square distribution with N degrees of freedom and
the null hypothesis will be rejected.
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Two-Pass Procedure

In the general case, when the factors may or may not be returns, the
model is estimated in two steps:

1 First pass (time-series regression): estimating betas from

Reit = ai + β0i ft + εit , t = 1, 2, ...,T

as bβi = (f 0f )�1(f 0Reit ) and bβ = (bβ1, bβ2, ..., bβN )0.
2 Second pass (cross-sectional regression): estimating the factor risk
premia λ and pricing errors α from the equation

R
ei
= bβ0iλ+ αi , i = 1, 2, ...,N

as bλ = (bβ0bβ)�1bβ0Re (OLS) or bλ = (bβ0bΣ�1bβ)�1bβ0bΣ�1Re (GLS) andbα = Re � bλ0bβ, where Rei = 1
T ∑Tt=1 R

ei
t .
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Two-Pass Procedure

As before, we can test if the pricing errors are zero using the statistic

bα0[Var(bα)]�1bα = T h1+ bλ0bΣ�1f bλi�1 bα0bΣ�1bα � χ2N�k ,

where bΣf is the estimated variance-covariance matrix of the factors.

the degrees of freedom for the chi-square distribution are now N � k
because we estimate a k � 1 vector of parameters λ.

One complication arises in constructing standard errors for the
estimates of λ

the correct standard errors need to take into account the fact that the
regressors in the second pass are estimated (�generated regressors�)
hence, the conventional standard errors should be adjusted to re�ect
the estimation error in the second-pass regressors bβ
we will see later that this correction does not need to be performed
explicitly if the model is estimated by GMM.
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Selection of Factors

The estimation procedures considered so far assume that the factors
used in the asset pricing model are known.

In practice, this is not the case.

There are two approaches to factor selection: economic theory-based
and statistical.

We will consider �rst the statistical approach based on factor analysis
and principal components.
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Statistical Selection of Factors

Suppose that we have access to a large panel of data xit (i=1, ...,M,
t=1, ...,T ), where M is the number of variables (returns, macro
variables) and T is the number of time series observations.

Assume that xit has an approximate factor structure of the form

xit = ω0
i ft + eit

where ft is an k � 1 vector of latent factors, ωi is an k � 1 vector of
factor loadings and eit are errors uncorrelated with the factors.
Under some conditions, the latent factors can be estimated by the
method of principal components by minimizing the objective function

(MT )�1 ∑M
i=1 ∑T

t=1(xit �ω0
i ft )

2

subject to the identifying restriction F 0F/T = Ik .
Concentrating out (ω0

1, ...,ω
0
M )

0, the problem of estimating ft is
identical to maximizing tr(F 0(X 0X )F ) and eft is pT times the k
eigenvectors corresponding to the k largest eigenvalues of the matrix
XX 0/(MT ).
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Theoretical Selection of Factors: Popular Linear Factor
Models

Capital asset pricing model (CAPM)

factors: constant and excess market return (typically the return on the
value-weighted CRSP index minus one-month risk-free rate)

Consumption CAPM (C-CAPM)

linearizing marginal rate of substitution
factors: constant and consumption growth (growth rate of real
nondurable consumption)

Jagannathan-Wang (1996) CAPM model

factors: constant, excess market return, labour income growth
(capturing return to human capital), default premium (di¤erence
between the yields on BAA and AAA corporate bonds)

Campbell�s (1996) intertemporal CAPM

factors: constant, excess market return, labour income growth, dividend
yield on the market index, relative T-bill rate (di¤erence between the
one-month rate and its one-year moving average), yield spread
(di¤erence between yields on 30-year and 1-year government bonds).
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Popular Linear Factor Models

Cochrane�s (1996) production-based asset pricing model

factors: constant, real nonresidential and residential investment growth
rates

Fama-French (1993) three-factor model

sort all stocks into two size portfolios: small and big, and into three
book-to-market portfolios: high, medium, and low
factors: constant, excess market return, SMB (small minus big) factor
(di¤erence between the returns on small and big portfolios), HML
(high minus low) factor (di¤erence between the returns on high and
low B/M portfolios)

Fama-French (1993) �ve-factor model

FF three-factor model plus term structure factor (di¤erence in the
yields on 30-year bond and 1-month bill) and default premium
(di¤erence between the yields on BAA and AAA corporate bonds).
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Conditional Asset Pricing Models

Recall that the fundamental pricing equation is de�ned in terms of
conditional expectations

pt = Et (mt+1xt+1) = E (mt+1xt+1jIt ).

Then, we used the law of iterated expectation and performed the
estimation in terms of unconditional moments and the linear factor
speci�cation of the SDF

mt+1 = a+ b0ft+1.

The conditional asset pricing model that satis�es pt = Et (mt+1xt+1)
is the model

mt+1 = at + b0t ft+1,

where at and bt are possibly time-varying.
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Conditional Asset Pricing Models

Let zt 2 It be a vector of observed conditioning variables
(instruments).

Then, we can model at and bt as functions of zt and, in particular, as
linear functions of zt , at = a0zt and bt = b0zt .
In a model with one factor and one conditioning variable

mt+1 = (a0 + a1zt ) + (b0 + b1zt )ft+1
= a0 + a1zt + b0ft+1 + b1(zt ft+1).

i.e., instead of a one-factor model with time-varying coe¢ cients, we
have a three-factor model with �xed coe¢ cients.
therefore, we can use the new (scaled) factors with the unconditional
moment procedure that we developed above.

When we have many factors and instruments, we obtain the scaled
factors by multiplying each factor by each instrument using the
Kronecker product

scaled factors = ft+1 
 zt .
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Stock Return Predictability

The conditional asset pricing models presume existence of some
return predictability.

For the conditional restriction E (mt+1Rt+1 � 1jzt ) = 0 to be
empirically relevant, there should be some instruments zt for which
E (mt+1jzt ) or E (Rt+1jzt ) should vary over time.
Semi-strong form predictability of stock returns by lagged �nancial
and macro variables

valuation ratios: dividend-price ratio, dividend yields, earnings-price
ratio, dividend-earnings (payout) ratio, book-to-market ratio
interest and in�ation rates: short-term rates, yield spreads (di¤erence
between long- and short-term rates), default premium (di¤erence in
corporate bond yields), in�ation rate
macro variables: consumption, wealth and income ratio
stock return volatility: realized or implied volatility.
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Stock Return Predictability

Typical predictive regression model of excess stock returns

Ret+1 = α+ βzt + et+1.

In-sample evaluation of predictability: in terms of R2 of the model
and statistical signi�cance of the coe¢ cient on a particular predictor

typically statistically small but possibly economically relevant R2

statistical signi�cance of the slope parameter may be misleading if the
predictor is highly persistent.

Out-of-sample prediction: statistical and pro�t-based evaluation

divide the sample into two subsamples: use the �rst for parameter
estimation and the second for out-of-sample forecast evaluation
statistical evaluation: out-of-sample R2, mean squared or absolute
errors that compare the actual and predicted values of excess returns
pro�t-based evaluation: compute returns from a trading strategy of
stocks and bonds depending on whether the predicted excess returns
are positive (position in stocks) or negative (position in bonds)

compare its performance (using Sharpe ratio) to a buy-and-hold
benchmark strategy over the out-of-sample evaluation period.
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