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This paper considers a nonstandard kernel regression for strongly mixing processes when the
regressor is nonnegative. The nonparametric regression is implemented using asymmetric kernels
[Gamma (Chen, 2000b), Inverse Gaussian and Reciprocal Inverse Gaussian (Scaillet, 2004)
kernels] that possess some appealling properties such as lack of boundary bias and adaptability
in the amount of smoothing. The paper investigates the asymptotic and finite-sample properties
of the asymmetric kernel Nadaraya-Watson, local linear, and re-weighted Nadaraya-Watson
estimators. Pointwise weak consistency, rates of convergence and asymptotic normality are
established for each of these estimators. As an important economic application of asymmetric

kernel regression estimators, we reexamine the problem of estimating scalar diffusion processes.

Keywords: Nonparametric regression; strong mixing processes; Gamma kernel; Inverse

Gaussian kernel; Reciprocal Inverse Gaussian kernel; diffusion estimation.

JEL classification numbers: C13; C14; C22; E43; G13.

*We would like to thank Evan Anderson, Bruce Hansen, Arthur Lewbel, Peter Phillips, Ximing Wu, and parti-
cipants at the 2007 MEG Conference for helpful comments. The first author gratefully acknowledges financial support
from FQRSC, IFM2 and SSHRC.

fDepartment of Economics, Concordia University, 1455 de Maisonneuve Blvd. West, Montreal, Quebec H3G
1M8, Canada; phone: (514) 848-2424 (ext.3935); fax: (514) 848-4536; e-mail: gospodin@alcor.concordia.ca; web:
http://alcor.concordia.ca/~gospodin/.

fDepartment of Economics, Northern Tllinois University, Zulauf Hall 515, DeKalb, IL 60115, USA; phone: (815) 753-
6434; fax: (815) 752-1019; e-mail: mhirukawa@niu.edu; web: http://www.niu.edu/econ/Directory/Hirukawa.shtml.



1 Introduction

The goal of this paper is to propose a nonstandard kernel-type estimator for nonparametric re-

gression using time series data when the support of the regressor has a boundary. Suppose that

e}

o, € R? we are interested in estimating the

for a stationary, strongly mixing process {(X:,Y:)}
regression function

m(x) = E{¢ (V)| X; =z}, (1)

where ¢ (-) is a known measurable function. Examples of (1) include conditional distribution function
and rt"-order conditional moment estimation of Y; given X; = z when ¢(Y) = 1{Y <y} and
o (Y)=Y"r > 0, respectively, and X; may denote a lagged value of Y;.

An interesting situation, that often arises in economics and finance, is when the regressor X; in
(1) is nonnegative. In this case, the local constant or Nadaraya-Watson (NW) estimator (Nadaraya,
1964; Watson, 1964) based on a standard, symmetric kernel suffers from bias near the origin that does
not vanish even asymptotically. This is due to the fact that the symmetric kernels assign strictly
positive weights outside the support of X;. Accordingly, several boundary correction techniques
have been proposed in the context of nonparametric regression such as boundary kernels (Gasser
and Miiller, 1979) and Richardson extrapolation (Rice, 1984). The local linear (LL) estimator by
Fan and Gijbels (1992) is also known to automatically adapt the boundary bias. On the other hand,
there is a growing literature on employing asymmetric kernels as an alternative device for boundary
bias correction. In density estimation for positive observations, Chen (2000b) introduces the Gamma
kernel, and Scaillet (2004) proposes the Inverse Gaussian and Reciprocal Inverse Gaussian kernels.!
These asymmetric kernels have several attractive properties. First, they are free of boundary bias
because the support of the kernels match that of the density. Second, the shape of the asymmetric
kernel varies according to the positions of design points, and, as a result, the amount of smoothing
changes in an adaptive manner. Third, the asymmetric kernels achieve the optimal (in integrated

mean squared error sense) rate of convergence within the class of nonnegative kernel estimators.

IThroughout this paper, we refer to asymmetric kernels as kernel functions with support on the nonnegative
real line. Bouezmarni and Rolin (2003), Brown and Chen (1999), Chen (1999, 2000a), and Jones and Henderson
(2007) consider estimation of density and regression functions defined over the unit interval using different versions
of asymmetric kernels.



Finally, their variances decrease as the position at which smoothing is made moves away from the
boundary. This property is particularly advantageous when the support of the density has sparse
regions.

Subsequently, Bouezmarni and Scaillet (2005) demonstrate weak convergence of the integrated
absolute error for asymmetric kernel density estimators, whereas Hagmann and Scaillet (2007) in-
vestigate the local multiplicative bias correction for asymmetric kernel density estimators that is
analogous to the one by Hjort and Jones (1996) in the symmetric kernel case. Besides density es-
timation, Chen (2002) applies asymmetric kernels to the LL estimator, and Fernandes and Monteiro
(2005) establish the central limit theorem for a class of asymmetric kernel functionals. Furthermore,
while all studies cited above are based on #id sampling, Bouezmarni and Rombouts (2006a,b) extend
asymmetric kernel density and hazard estimation to positive time series data.

In line with these recent developments, this paper proposes a nonparametric regression estimator
for dependent data using asymmetric kernels. We consider the NW, LL and re-weighted Nadaraya-
Watson (RNW; Hall and Presnell, 1999) estimators and study their asymptotic and finite-sample
behavior. While the NW estimator includes a “design bias” term that depends on the density func-
tion of the regressor, the LL estimator is free of this bias term. On the other hand, unlike the
LL estimator, the NW estimator always yields estimated values within the range of observations
{¢ (Y;)}szl and can preserve monotonicity and nonnegativity in conditional distribution estimation
or nonnegativity in conditional variance estimation, for example. The RNW estimator is known
to incorporate the strengths of the NW and LL estimators and has been used for nonparamet-
ric regression estimation (Cai, 2001), quantile estimation (Hall, Wolff and Yao, 1999; Cai, 2002),
and conditional density estimation (De Gooijer and Zerom, 2003). We adapt the three estimat-
ors to asymmetric kernels and strongly mixing data, and establish pointwise weak consistency and
asymptotic normality. We believe that our asymptotic results constitute an important theoretical
complement to the results for time series nonparametric regression with symmetric kernels such as
Lu and Linton (2007) and Masry and Fan (1997). Although we focus on the single regressor case

throughout, the basic idea of our methodology is expected to hold in the multiple regressor context.



As an important economic application of the asymmetric kernel regression estimators, we con-
sider the problem of estimating time-homogeneous drift and diffusion functions in scalar diffusion
processes. Using the infinitesimal generator and Taylor series expansions, Stanton (1997) derives
higher-order approximation formulae of the drift and diffusion functions that are estimated nonpara-
metrically by the NW estimator. An interesting empirical finding that emerges from this work is
that the drift function for the US short-term interest rate appears to exhibit substantial nonlinearity.
In contrast, Chapman and Pearson (2000) argue that the documented nonlinearity in the short rate
drift could be spurious due to the poor finite-sample properties of the Stanton’s (1997) estimator at
high values of interest rates where the data are sparse. Fan and Zhang (2003) estimate the first-order
approximations of the drift and diffusion functions by the LL estimator, and conclude that there
is little evidence against linearity in the short rate drift. Bandi (2002), Durham (2003) and Jones
(2003) also do not find empirical support for nonlinear mean reversion in short-term rates. We expect
that the use of the asymmetric kernel estimators can shed additional light on the nonparametric
estimation of spot rate diffusion models.

The remainder of the paper is organized as follows. Section 2 develops asymptotic properties of
the asymmetric kernel regression estimators and discusses their practical implementation. Section 3
conducts a Monte Carlo simulation experiment that examines the finite sample performance of these
estimators in the context of scalar diffusion processes for spot interest rates. Section 4 summarizes
the main results of the paper. All proofs are given in the appendix.

This paper adopts the following notational conventions: T' (a) = fooo y*Llexp(—y)dy, a > 0is
the Gamma function; G (a, ), IG (o, B) and RIG (o, §) symbolize the Gamma, Inverse Gaussian,
and Reciprocal Inverse Gaussian distributions with parameters (a, ), respectively; 1{-} is the
indicator function; N denotes the set of positive integers {1,2,...}, |z] signifies integer part of x;
and ¢ (> 0) denotes a generic constant, the quantity of which varies from statement to statement.
The expression ‘X 2 Y’ reads “A random variable X obeys the distribution Y.” For integers n and
k such that 0 < k < n, (Z) = ﬁlk), denotes the number of combinations of size k taken from n

objects. Finally, the expression ‘X7 ~ Y7’ is used whenever X1 /Yr — 1 as T — oo.



2 Nonparametric Regression Using Asymmetric Kernels for
Time Series Data

2.1 Nonparametric Regression Estimators

Consider the problem of estimating nonparametric regression (1) using a sample {(X¢, Yt)}?:17 where

X; > 0 is assumed throughout. For a given design point > 0, the NW, LL and RNW asymmetric

kernel estimators are defined as

mnw(az) _ Zt l(b(Y;f) Zb(Xt)7

Zt:l x,b(Xt)
T
il (@) = 3w (2)é ()

v (QL‘) _ Z?:l ¢ (}/t)pf (I) Kac,b (Xt)
S b (@) Kap (X0)

where K, 5 (u) is an asymmetric kernel function with a smoothing parameter b.
R N . . T
The LL estimator satisfies m' (z) = 3, (z), where 3 (z) = [60 (x), 0, (ac)} solves the optimiza-

tion problem
X T
B(z) = arg g}gZ {0 (Y1) = By () — By () (Xi — 2)}" Koy (X2)-
t=1

The weight functions for the LL estimator {w; (alc)}tT:1 are given by

1 {85 () = 51 () (Xi — )} Kap (Xi)

vl = T S s @ @
T
Sj(z) = %Z (X; —z) Ko (Xy),5=0,1,2

On the other hand, the weight functions for the RNW estimator {p; (:L‘)}thl satisfy
T T
2) >0, pi(z) =1 (X;—a)ps (z) Ky (X) = 0. (2)
= t=1

Since {p; (z)}thl that satisfy (2) are not uniquely determined, they are specified as parameters that
maximize the empirical log-likelihood 231:1 log {p: (x)} subject to these constraints. Then, as shown

in Cai (2001, 2002), {p: (x)}thl are defined as

1
pe(z) = T{14+ XXy —2) K p (Xp)} ¥



where A is the Lagrange multiplier associated with Zthl (Xt — ) p (z) Ky p (X¢) = 0 that can be

determined by maximizing the profile empirical log-likelihood

T
£ (0K ) = Flog {14+ A (Ko =) Ky (X0).

We consider several candidates for asymmetric kernels: Gamma density Kg with parameters
(x/b+ 1,b) proposed by Chen (2000b),? Inverse Gaussian (IG) density Kje with parameters (x, 1/b)
and Reciprocal Inverse Gaussian (RIG) density Kprje with parameters (1/ (z —b),1/b) proposed
by Scaillet (2004). These densities are given by

u®/? exp (—u/b)
KG(m/bJrl,b) (u) = pr/b+1T (:c/b i 1) 1 {’U, > O} )

1 1 /u T
Kig@am (u) = oo exp {be (E -2+ u)} 1{u >0},
1 x—b u x—b
Kric(/@-vnam (@) = g P {_2b (x 5 2+ " )} 1{u>0}.

As is the case with symmetric kernels, the asymmetric kernel RNW estimator shares some at-
tractive properties of both NW and LL estimators. By construction, min; {¢ (Y;)} < ™ (z) <
max; {¢ (Y;)} for any z, and the RNW estimator always generates nonnegative estimates in finite
samples whenever ¢ (-) is nonnegative, as the NW estimator does. Moreover, the weight functions

for the LL estimator {w; (:1:)}3;1 satisfy the moment conditions similar to (2)

T

Zwt(x) =1, Z(Xt—m)wt(a:) =0.

t=1 t=1

Hence, the bias properties of the RNW estimator are expected to be as good as that of the corres-

ponding LL estimator, and better than that of the NW estimator for interior design points.

2.2 Asymptotic Properties of Estimators

In this section we establish pointwise weak consistency with rates and asymptotic normality of the

NW, LL and RNW estimators for strongly mixing processes. Before stating regularity conditions

2Chen (2000b) also proposes another version of the Gamma kernel function
uPb (@) =1 exp (_%)
BT (py (2))

x/b if 2 > 2b
Py (@) = { (z/b)? JA+1 if z € [0,2b)
However, this version is not considered here, because asymptotic properties of the LL and RNW estimators using
Kq (u; pp (x) ,b) for interior z (satisfying x/b — oo) are first-order equivalent to those when Kq (u;z/b+1,b) is
employed.

Ka (u;py (2),0) = 1{u >0},

where



for our main results, we provide the definition of an a-mixing process for reference. Let F° denote

the o-algebra generated by the stationary sequence {(X¢, Yt)}f: ., and

a(k) = sup [Pr(ANB) —Pr(A)Pr(B)|, k> 1.
AeFY _,BEFE

Then, the stationary process {(X¢,Y;)},o . is said to be strongly mixing or a-mixing if o (k) — 0

as k — oo (Rosenblatt, 1956). Also, let f (x) be the marginal density of the regressor X, and define
0% (x) = Var{¢ (Y3)| X; = z}. To obtain our main results, the following regularity conditions are

required:
(A1) For a given design point z > 0, m” (z), f” (z) and o2 (z) are bounded and continuous.
(A2) sup,>of(z) < My <oo,0<my <infy>o f (), and sup,>g >0 fr,s (v, v) < Mg < 0.

(43) E{lo(M)I’| X1 = u} < agtaru! and Emax {6 (V)] |6 (V)] |6 () 6 (Vo)[} X = u, X, = v] <

Bo+B1u™+Byv"™, Yu,v > 0, for some § > 2, for some g, a1, By, 81, By > 0, and for some {,m,n € N.
(A4) The strong mixing coefficient « (k) satisfies Yo, k% {« (k)}1_2/6 < oo for some a > 1—2/4.

(A5) The smoothing parameter b = by satisfies

b— 0and T — oo  for the Gamma and RIG kernels
b — 0 and b*°T — oo for the IG kernel

as T — oo.

(A6) There exists a sequence st € N such that sp — oo, s7 =0 { (bl/QT)1/2}, and (T'/b%/2) Y2 (s7) —

0as T — oo.

(A7) The smoothing parameter b = by additionally satisfies b°/2T — € [0,00) as T — oo.

Similar conditions to (A1)-(A7) are commonly used in the literature of LL (Lu and Linton, 2007;
Masry and Fan, 1997) and RNW estimation (Cai, 2001, 2002; De Gooijer and Zerom, 2003) with

dependent data. The condition (A3) is inspired by Hansen (2006), who derives uniform convergence



rates of nonparametric density and regression estimators using dependent data even when unbounded
support kernels are employed. Both Hansen (2006) and this paper allow the two conditional
moments to diverge. An important difference is that while his condition controls the divergence rates
of the conditional moments in comparison with the rate of decay in tails of the marginal density
of regressors, (A3) assumes the existence of polynomial dominating functions, taking into account
that all three asymmetric kernels have moments of any nonnegative integer order, as indicated in
the proof of Lemma B2 in the appendix.

The conditions (A5) and (A7) for the smoothing parameter b are required to establish the asymp-
totic normality of the estimators and ensure that the bias and the variance converge to zero, and
the remainder term in the bias expression is asymptotically negligible.

(A4) implies that the strong mixing coefficient has the size — (6 — 1) /(6 —2). To establish
Theorem 2 (joint asymptotic normality of regression and first-order derivative estimators), we need
to replace (A4) and (A5) by the stronger conditions (A4’) and (A5’) stated below. Note that (A4’)
and (A5) are required to approximate the variance of the first-order derivative estimator, and to
ensure that the variance converges to zero, respectively. In contrast, the original conditions (A4)

and (A5) suffice to demonstrate the asymptotic results for the LL estimator only.
(A4’) The strong mixing coefficient satisfies > -, k* {« (k)}l_z/‘S < oo for some a > 3 (1 —2/9).

(A5’) The smoothing parameter b = by satisfies

b— 0and b3T — 0o for the Gamma and RIG kernels
b— 0 and b5T — oo for the IG kernel

as T — oo.

Now we present kernel-specific results on weak consistency and asymptotic normality of the three
estimators. Since the results depend on the kernel employed, we denote the NW estimator using the
Gamma kernel as m@" (z), for example. A similar notational convention is applied to the LL and
RNW estimators. We also mean by “interior 7 and “boundary z” that the design point x satisfies

/b — oo and /b — k > 0 as T — oo, respectively.



Theorems 1, 2 and 3 establish the pointwise weak consistency and asymptotic normality of the

asymmetric kernel NW, LL and RNW estimators for interior x.

Theorem 1. If conditions (A1)-(A7) hold, then for interior x,

[ nw / xf/ (1‘) z d
V2T _mG (x) —m(z) — {m (x) (1 + @) ) +5m (ac)} bl = N(0,Vg),
1 [ nw ’ I (x) Ly, d
VBT |15 () = ) = {m @ L& @ o] 4 v 0vie),
VITET i (2) = m @)~ {f (0) L2 4 S @) o] 3 0.V,

o (z)

o’ (x)

2 x
where Vo = 5727 ey » Vic = aymgen Jay ond Veie = Ve

Proof. See Appendix A. B

Theorem 2. If conditions (A1)-(A3), (A4’), (A5°), (A6)-(A7) hold, then for interior x,

mofpein s[5 ) n (8] 4 3 ]w)
mafpoin-sin-[ 5 w2 [3 4 )

1
0
s Bt s - | F@0 Loy (1013 o),

where B (z) = [m (x),m (2)]" and Ty, = V2T [ L0 }

)
)

0 b1/2

Proof. See Appendix A. B

Corollary 1. If conditions (A1)-(A7) hold, then for interior x,

Vbl/2T {ml(l; (z) —m (z) — %xm" (x) b} 4 N(0,Vg),
N {ml}G () — m (z) - %ﬁm” (2) b} 4N (0, Vi),

Vbl/2T {mlfyg (x) —m(z) — %xm" () b} L N(0,Vric) .

Theorem 2 and Corollary 1 can be further extended to the p**-order local polynomial estima-

tion, provided that m(-) has a bounded continuous p'-order derivative and the mixing condition is

properly strengthened.



Theorem 3. If conditions (A1)-(A7) hold, then for interior x,
1
Vbl/2T {mgﬂw (x) = m (z) = gam” (x) b} L N(0,Vg),
1
Vbl/2T {m;gw (2) = m () — ga*m" () b} L N(0,Vig),
1
Vol2T {mg}‘g (x) —m(z) — ixm" () b} L N(0,Vric) .

Proof. See Appendix A. B

The next two theorems derive the pointwise weak consistency and asymptotic normality of NW
and LL estimators for boundary z. Before proceeding, we modify the conditions (A6) and (AT).
Note that two alternative replacements of (A7), namely, (A7’) and (A7”), are required for asymptotic

normality of NW and LL estimators, respectively.

(A6’) There exists a sequence sy € N such that

ST — 00, ST =0 (bT)l/Z} , and (T/b)l/2 a(st) —0 for the Gamma and RIG kernels
ST — 00, Sp =0 (bQT)l/Q} , and (T/bz)l/2 a(sy) — 0 for the IG kernel

as T — oo.

(A7’) The smoothing parameter b = by additionally satisfies

W1 — v €[0,00) for the Gamma kernel
b7 — ~ € [0,00) for the IG kernel
VT — v € [0,00) for the RIG kernel

as T — oo.

(A7”) The smoothing parameter b = by additionally satisfies

VT — v € [0,00) for the Gamma and RIG kernels
bOT — v € [0,00) for the IG kernel

as T' — oo.

Theorem 4. If conditions (A1)-(A5), (A6’), (A7) hold, then for boundary =,

\/ﬁ{mg"(w)—m(w)—m’(x)b}iN(O,VGB),

VBT [t o) mta) = {m @ B0+ gt @} ] 4 v @11,



I'(2k+1 o2 (z o2 (z kY2 4(7/16)k™3/24(3/32)k %72 o2 (a
where Vi = 22r~+(1r2(n)+1) f(gf))’ Vi = W% and Vg = = )Qﬁ L f(&c))‘

Proof. See Appendix A. B

Theorem 5. If conditions (A1)-(A3), (A4}’), (A5°), (A6°), (A7) hold, then for boundary x,
. m” (x) [ (k—2)b2 d 0 2k+5 -2 %4
(8o o - 252 [ U0 [Rax ([0 ][5 T )
0
0

3 Lo &)

T {Bic (a) - p o) - | 20 ]

N m/l T
T2 {ﬁmc (z) = B(z) - % ,ERIGV15G> ;
where
1 3 {1 _ (13/48)r 73/ 4(5/32)k—%/?
> B 4(k+1) k—1/24(7/16)k=3/2+4(3/32)k—5/2
RIG= | 3 1_ (13/48)k3/24(5/32)K /2 % 14 (5/8)k3/24(5/8)k~5/24+(33/64)x~7/? )
4(k+1) k=1/24(7/16)k=3/24(3/32)k—5/2 2(k+1)2 Kk—1/24(7/16)k—3/24+(3/32)k—5/2

0 b 0 b
Proof. See Appendix A. B

Tb’gz\/bT[ 1 O:| andTb,3:Vb2T[ 1 0 :|

Corollary 2. If conditions (A1)-(A5), (A6’), (A7”) hold, then for boundary x,

Jﬁ{mg () = m (2) — % (5 —2)m” (m)bQ} 4 N (o,mvg?) ,

K3

\/ﬁ{m%m (z) —m(z) — % (k+1)m" (x) b2} S N (0, Vigie) -

2.2.1 Discussion of results

Choice of estimator and kernel function. In case of an interior design point, the results in
Theorem 1, Corollary 1 and Theorem 3 reveal that the LL and RNW estimators eliminate the “design
bias” term of the NW estimator without any effect on the variance. An immediate consequence of
Theorem 3 and Corollary 1 is that each RNW estimator is first-order equivalent to the corresponding
LL estimator, as is the case with symmetric kernels. Furthermore, we can see from Theorems 1-3
that for each of NW, LL and RNW estimators, variances decrease with x, i.e. as the position in
which smoothing is made moves away from the boundary. This property is particularly advantageous

when the support of the regressor has sparse regions.

10



Now turning our attention to the properties of the different kernel functions, we note that the
estimators based on the Gamma and RIG kernels are first-order equivalent for interior x. The
asymptotic bias of the IG-based estimators is larger than that of the Gamma and RIG estimators
when = > 1; however, the larger bias is compensated by a much smaller variance. For example,
in the special case of a linear function m(z), the estimators mY, (z) and Mm% (x) dominate their
Gamma and RIG counterparts for > 1 but not for £ < 1 which is the situation in our interest rate
application.

Some interesting findings emerge from the boundary design point case. First, comparing Theor-
ems 1 and 4 or Corollaries 1 and 2, we see that for each of the NW and LL estimators, improvement
in order of magnitude in the bias term is achieved at the expense of inflating the variance. Indeed,
if the smoothing parameter b is chosen to satisfy (A5) and (A7), then the bias of the NW and LL
estimators becomes asymptotically negligible over the boundary region, and thus only the variance
matters. Second, for the IG and RIG kernels, the LL estimator eliminates the “design bias” term of
the NW estimator even over the boundary region, whereas the Gamma NW and LL estimators do
not have common bias terms.

More importantly, Theorem 4 and Corollary 2 show that Mm% (z) and % (z) do not share the
same asymptotic variance for boundary x, which is typically the case for interior z, IG, RIG and
symmetric kernels.? For example, for x = 0.5, the variance of Thlcl; (z) is twice as big as the variance
of mE” (z) and it may well be the case that the Gamma-based NW estimator is preferred over the
Gamma LL estimator even though the latter may have a smaller bias. Figure 1 plots the differences
in the asymptotic variances of M2 (z), Mm%, (z) and 1wl (z) as a function of x € [0.2,1],* and
shows the substantial efficiency advantages of the Gamma NW estimator at the extreme design

points.

3The mean of G (z/b+ 1,b) is not the design point x but x + b, whereas both IG (x,1/b) and RIG (1/ (z — b),1/b)
have mean z. Hence, as z/b — K, S1 (x) = Op (b) for the Gamma kernel, whereas S1 (z) = O, (b2) for the IG and
RIG kernels. Then, the term involving m/ (z) dominates the bias of 7" (z) for boundary x, and as a result, " ()
and MY (z) do not have common bias terms. Likewise, the reason why m2¥ (z) and ¥ (z) do not share the same
asymptotic variance for boundary z is that when the Gamma kernel is employed, the scale-adjusted outer product

So (:L’) b7151 (:E)
b_lsl (x) b_252 (117)
see Lemma A7 in Appendix A.

4The estimator M} (x) is not plotted in the diagram, because it has a slower rate of convergence than mg" (),

matrix S;w = has non-negligible off-diagonal elements in the limit as /b — k; for details,

A W

MY (z) and ml (z) for boundary =.

11



Also, unlike the case for interior x, asymptotic independence between LL regression and first-
order derivative estimators does not necessarily hold for boundary z; in fact, asymptotic variance-
covariance matrices of Gamma and RIG-based LL estimators in Theorem 5 have non-zero off-diagonal
elements when /b — k is assumed. Moreover, we do not provide a theorem for the RNW estimator
in the boundary case. The difficulty for establishing the asymptotic properties of the RNW arises
from the fact that when z is located in a particularly small boundary region (of order O (b)), there
are not enough observations less than x for the constraint (2) to hold, and, as a result, the RNW
estimator is not well defined. Even though the asymptotic behavior of the RNW estimator for
boundary z does not affect its global properties, these observations indicate that the numerical
performance of the RNW estimator near the boundaries could be rather poor which is confirmed by

our simulation results presented below.

Mean squared error. It follows directly from Theorem 3 and Corollary 1 that the mean squared

errors (MSE) of the three LL (and thus RNW) estimators for interior  are approximated by

All } 2 " 249 1 02(55)
MSE{ } 2t {m” (2)}"b +b1/2T2\/7r:1:1/2f(x)’
~ 1l } 6 " 2492 1 02(‘1‘)
MSE{m,G } e {m" (z)}" b +b1/2T2ﬁw3/2f(w)’
A 11 [ 2792 1 o® (x)
MSE {m%q (z)} 12 {m" (z)}"b +bl/2T2ﬁx1/2f(x)'

In contrast, Theorem 1 suggests that the MSEs of their corresponding NW estimator for interior x

are approximated by

wsw g @) ~ (o (10 L) S Vi

231 (2 3 Y 2 ) 1 o2 (x
msp (g @)~ {0 S S v T
~ nw / z ! T x " ? 2 1 02 T
MSE (i (@)~ {0 EE 4 S @)} 0k T

and the NW estimators contain an additional “design bias” term that depends on the density of the
regressor f (z) while the variance terms remain unchanged. These results agree with the case of

standard symmetric kernels.

12



Optimal smoothing parameter. From the MSE expressions, it can be easily inferred that the

optimal smoothing parameters of the LL (and thus RNW) estimators for interior = are

- 42/5

by = o® (x) S x’lT’Q/‘r’,
27 (m" ()} f (x)

i o’ (z) 1" 3 /5

* — T~ T—2 ,
e 27 {m" ()} f (2)

- o (2) —12/5 .

* = T =2/5,
e 2/ {m” (2)} f (2)

Note that the optimal smoothing parameters are b* = O (T_2/5) =0 (a*2), where a* is the MSE-

optimal bandwidth for the LL estimator using second-order symmetric kernels. Also, at the optimum,

i 9 4/5
MSE" {if; ()}~ i{ lzl\/f‘r?fmm} o

e 0.2 T 4/5
MSE" {ifc (#)} ~ j{'%}@”} T,

4/5
e
and each optimal MSE is identical and does not depend on z (the dependence of each optimal MSE
on z comes only through f (z) and o2 (x)). In addition, the optimal MSE is the same as that of
the LL estimator using the Gaussian kernel. Therefore, as argued by Chen (2000b) and Scaillet

(2004), we can see that, for interior z, the three asymmetric kernels defined over [0, 00) have the

same pointwise efficiency as the Gaussian kernel over (—oo, 00).

2.3 Implementation and Selection of Smoothing Parameter

The practical implementation of the proposed nonparametric estimators requires a choice of smooth-
ing parameter. While the previous section provides some guidance in this direction, the expressions
for the optimal smoothing parameters depend on unknown functions of the data and a uniform
“plug-in rule” is difficult to obtain. Note also that the optimal smoothing parameters for the asym-
metric kernels depend explicitly on the design point and, in principle, they should take different
values at each z. Hagmann and Scaillet (2007), however, argue for a uniform smoothing parameter

since the dependence on the design point = may deteriorate the adaptability of asymmetric kernels.
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In this paper, we adopt a cross-validation (CV) approach to choosing a uniform smoothing
parameter for nonparametric curve estimation based on asymmetric kernels. Since the data are
dependent, the leave-one-out CV is not appropriate. Instead, we work with the h-block CV version
of Gyorfi et al. (1989) and Burman et al. (1994) where h data points on both sides of observation ¢
are removed from the sample and the function m(z) is estimated from the remaining 7' — (2h + 1)
observations. The idea behind this method is that, due to the strong mixing property of the data,
the blocks of length h are asymptotically independent although the block size may need to shrink
(at certain rate) relative to the total sample size in order to ensure the consistency of the procedure.

Let 1 _—p):(t+n) (X¢) denote the estimate from observations 1,2,....,t —h —1,t +h+1,...,T.

Then, the smoothing parameter can be selected by minimizing the least squares cross-validation

function
T—h ,
CV (b) = arg Join t;1 {6 (Y1) = i_—nyqeany (Xo) } 90 (X0), (4)

where ¢ (-) is a weighting function that has compact support and is bounded by 1. Minimizing
CV (b) is asymptotically equivalent to minimizing the true expected prediction error provided that
h/T goes to zero at some rate as h — oo and T' — oo (Chu, 1989; Gyorfi et al., 1989). Alternatively,
if one assumes that h is a nontrivial fraction of the sample size T so that h/T is a fixed constant
as h — oo and T — oo, CV (b) has to be corrected as in Burman et al. (1994).> While the
corrected CV (b) of Burman et al. (1994) may provide a better finite-sample approximation to the
true expected prediction error, this procedure is computationally more involved and in our numerical

experiments the smoothing parameter is chosen by minimizing (4) with ¢ (X;) = 1.
3 Monte Carlo Experiment: Diffusion Models of Spot Rate

The nonparametric estimation of continuous-time diffusion processes, that are used to describe the
underlying dynamics of spot interest rates, has been an active area of recent research (Bandi and
Phillips, 2003; Florens-Zmirou, 1993; Jiang and Knight, 1997; Nicolau, 2003; among others). In this

section, we assess the finite-sample properties of our proposed asymmetric kernel estimators in the

5The asymptotic optimality of the h-block cross validation bandwidths for mixing data in Chu (1989), Gyorfi et
al. (1989) and Burman et al. (1994) is derived for symmetric kernels. While it is useful to extend these results to
asymmetric kernels, it is beyond the scope of this paper.
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context of a diffusion process of spot rate and evaluate the economic importance of the results in
terms of computed bond and option pricing errors.

The data for the first simulation experiment is generated from the CIR model (Cox et al., 1985)
dry = k(0 — ) dt + ory/ AW, (5)

where W; is a standard Brownian motion. This model is convenient because the transition and
marginal densities are known and the bond and call option prices are available in closed form (Cox
et al., 1985). 5,000 sample paths for the spot interest rate of length 7' = 600 observations are
simulated using the procedure described in Chapman and Pearson (2000). After drawing an initial
value from the marginal Gamma density, the interest rate process is constructed recursively by
drawing random numbers from the transition non-central chi-square density and using the values for
k, 8 and o and a time step between two consecutive observation equal to A = 1/52 corresponding
to weekly data.

We consider two parameter configurations that are used in Chapman and Pearson (2000) -
(k,0,0) = (0.21459,0.085711,0.0783) and (0.85837,0.085711,0.1566), that produce persistent in-
terest rate process with monthly autocorrelations of 0.982 and 0.931, respectively. The two spe-
cifications are calibrated to generate data with the same unconditional mean variance. The strong
mixing property of the process generated by (5), is demonstrated by Carrasco et al. (2007).

The expressions for the price of a zero-coupon discount bond and a call option on a zero-coupon
discount bond have an analytical form and are given in Cox et al. (1985). We follow Jiang (1998) and
Phillips and Yu (2005) and compute the prices of a three-year zero-coupon discount bond and a one-
year European call option on a three-year discount bond with a face value of $100 and an exercise
price of $87 with an initial interest rate of 5% by simulating spot rate data from the estimated
diffusion process. The simulated bond and derivative prices are then compared to the analytical
prices based on the true values of the parameters.

More specifically, the price of a zero-coupon bond with face value Py and maturity (7 — t) is

Pl = PRE; [exp </ TZdu)} ,
¢
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where rf = ry, dry = [u(rf) — :\\(rf)]dt + 0 (ry)dWy, and (ry), o(rf) and :\\(rf) denote the nonpara-
metric estimates of the drift, diffusion and market price of risk functions, respectively. For simplicity,
the market price of risk is assumed to be equal to zero since its computation requires another interest
rate process of different maturity. The expectation is evaluated by Monte Carlo simulation using a
discretized version of the dynamics of the spot rate.

The price of a call option with maturity (n — ¢) on a zero-coupon bond with maturity (7 — t),

face value Py and exercise price K is computed as

Ccy E, [exp (—/ eru) max (P] — K, O)}
t

B [exp <_ | r;;du) max (PoEn {exp (_ /| r:dv)] K, 0)} 7

where n < 7 and sample paths for r} are simulated from the nonparametrically estimated discretized

model of spot rate.
In order to evaluate if the proposed estimators capture well the shape of the true function, data

are also generated from the nonlinear diffusion model of Ahn and Gao (1999)
dry = k(0 — 7¢) redt + oS dWy, (6)

where the drift is a quadratic function of the interest rate. The strong mixing properties of the process
generated by (6) can be inferred by verifying the conditions in Chen et al. (1999). As argued by
Ahn and Gao (1999), s; = 1/r, follows a square-root process with non-central chi-square transitional
density which facilitates the simulation of interest rate data. The particular parameterization that
we employ in simulating the data from (6) is (k,0,0) = (3,0.1,1) which is similar to the values
estimated by Ahn and Gao (1999) from actual data.

We consider the NW estimators with Gaussian and Gamma kernels and the LL and RNW
estimators with Gamma kernel. The LL estimator with Gaussian kernel produces substantially
larger biases than these estimators and is not reported.

First, Figures 2 to 5 present the finite-sample properties of the asymmetric NW estimators of
the drift function from the CIR model. Figures 2 and 4 plot the median drift estimates of the

Gamma, IG and RIG NW estimators for both parameterizations and a fixed smoothing parameter.
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In agreement with the theoretical results in Section 2.2, the Gamma and RIG estimators exhibit
very similar behavior and provide a very good approximation to the true drift function. In contrast,
the IG drift function estimator is much more biased (the bias of the IG estimator is still substantial
for larger smoothing parameters) and we do not consider this estimator further in the paper. Figures
3 and 5 plot the 90% Monte Carlo confidence bands of the Gamma and RIG estimators and reveal
that the Gamma estimator is less variable than the RIG estimator especially for the more persistent
specification. In the rest of the paper, we only report the results from the Gamma NW estimator
noting that the RIG NW estimator delivers very similar results.

In order to compare the properties of the Gamma NW with the Gaussian NW, Gamma RNW
and Gamma LL estimators, we choose a common algorithm for selecting the smoothing parameter
based on h-block cross validation with h = 30 (our experiments with different values of h delivered
very similar results.) It is interesting to note that Gamma NW and RN'W select significantly smaller
smoothing parameters than the Gaussian NW and Gamma LL estimators.

The median Monte Carlo estimates plotted in Figures 6 and 8 show that the Gamma NW and
Gaussian NW are almost unbiased whereas the bias of the Gamma LL is rather large for both
interior and boundary design points. It appears that the Gamma LL estimator is more sensitive to
the high persistence in the data and its behavior improves for less persistent specifications. While
the Gamma NW is only slightly less biased than the Gaussian NW, the asymmetric kernel estimator
exhibits smaller variability (Figure 7) near the boundaries. The behavior of the asymmetric RNW
estimator is similar to the Gamma NW estimator but it tends to be much more noisy.

Finally, Figures 9 and 10 plot the drift function estimates from the nonlinear diffusion specific-
ation of Ahn and Gao (1999). As in the case of linear drift, the Gamma kernel estimator provides
a very good approximation of the true drift function. The symmetric (Gaussian) NW estimator
exhibits larger bias and variability for interest rates above 9% whereas the local linear estimator
again tends to perform rather poorly compared to the asymmetric kernel estimator. In summary,
the Gamma N'W appears to be the best performing nonparametric estimator of the drift function of

highly persistent diffusion processes considered in the simulation experiments.
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The economic significance of the improved estimation of diffusion models of spot rate is evaluated
by comparing bond and option pricing errors based on different nonparametric estimators for the
CIR model with (k,60,0) = (0.21459,0.085711,0.0783). For reference, we include also the bond
and option prices computed analytically from the OLS estimates of k,60 and o obtained from the
discretized version of the model. The results are presented in Table 1. Despite the fact that the
OLS estimator uses knowledge of the true shapes of the drift and diffusion functions, the bond and
especially the call option prices are substantially underestimated due mainly to the severe downward
bias of the OLS estimator in autoregressive models (Phillips and Yu, 2005). In contrast, the bond and
derivative prices based on both symmetric and asymmetric kernel estimators are much less biased
and actually produce slightly positive pricing errors. The bias of the Gamma estimator is smaller
than its Gaussian counterpart but more importantly, the Gamma-based bond and option prices enjoy

much smaller variability and tighter confidence intervals than the symmetric kernel-based prices.

4 Conclusion

This paper proposes several asymmetric kernel estimators of conditional moment functions based
on dependent data and nonnegative conditioning variables. The consistency, rate of convergence
and asymptotic normality of these estimators are established for both interior and boundary design
points. We show that the asymmetric kernel estimators possess some appealing properties such as
lack of boundary bias and/or adaptability in the amount of smoothing. The paper adopts a block
cross-validation method for dependent data in choosing the smoothing parameter. The finite-sample
performance of the estimators is evaluated in the context of a scalar diffusion process of spot interest
rate. Several interesting directions for future research include construction of bootstrap confidence
bands and bootstrap-based specification testing, establishing uniform rates of convergence and rate

improvement via multiplicative bias correction.
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A Appendix A: Proofs of Theorems

In this appendix, we present the proofs only for the Gamma kernel because the proofs for the IG
and RIG kernels are similar. Note that approximations to the moments of the IG and RIG kernels

can be obtained by following Scaillet (2004) and applying Lemmata B1 and B2.

A.1 Proofs of Theorems 1 and 2

The proofs of Theorems 1 and 2 require the following three lemmata. Before proceeding, define

e = ¢ (V) —m (Xy).

Lemma Al. Let

St = So () b=1/28) (x) ] )

b=128) () b8y ()

If the conditions (A1)-(A5) hold, then for interior x,

Ser > Sa =

p
Sra,r — S =

o= O O
w
| IS
~
—~
8
~—

p
Srrg,r — Sr1¢ =

Proof of Lemma Al. Using Lemma B1,

E{Sa; (@)} = E{(X1 =) Kowprin (X))} = E{(010 —2) £ (612}

where 0 ,, LAye! (x/b+1,b). Taking a second-order Taylor expansion of f (61 ) around 6; , =

yields

. , , 1 . L
(010 =)' £ (01.2) = (010 = 2)' F @)+ 010 =) f @)45 (010 =22 £ (@)40, { (010 —2) 7}
Therefore, by Lemma B2, for interior z,

E{Sco(z)} = f(z)+0(b),

E{Scai(2)} = {f(2)+af (2)}b+0(b"),

E{Sc2(x)} zf (z)b+0 (b?).
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Since strong mixing implies ergodicity, we can apply Birkhoff’s ergodic theorem to establish the

results. Wl

Lemma A2. Let

t*:[ T; () } Ty @Ky (X0)
T b2y (a) AT Y (X — @) @Ky (X)

Also for an arbitrary vector ¢ € R?, define Q% = cTtk. If the conditions (A1)-(A3), (A4’) and

(A5) hold, then for interior x,

1 0
Var (VOPTQh ) — eTVae=cr {l TR ] o’ (w)f(w)} c,
0 i/
o —
Var (\/ bl/QTQ?GyT) — c"Vige=cT { [ 2yl £3/2 1 o? (x) f (f)} c,
R
1 0
Var (\/ b1/2TQ*RIG,T) — c"Vpgige=cT { l 2‘/?1/2 21/2 ] o’ (z) f (x)} c.
v
Proof of Lemma A2. It suffices to demonstrate that
N 1
Var{VBRETT o ()} = 5ommet @) f @) +o(), ()
1/2
Var {\/b1/2Tb‘1/2TC*;)1 (m)} - I \/;"2 (z) f (z) +0(1), (8)

Cov{\/bl/QTTé’O(x),\/b1/2Tb‘1/2TC*;,1 (x)} = o(1). 9)

(i) Proof of (7). It follows from F (€] X;) = 0 that

Var { VOLATTE (x)} = { VT 2 Z b e K /b i) (Xt)}
= 60 (0)+2 Z (1) 16000 (10)

where vg o (j) = b/2E {61€1+7KG(x/b+1 b (X1) Ka(a/pr1,6) (X144) } is the j*"-order autocovariance
of the stationary process {b1/4€tK0(w/b+17b) (Xt)}. For the first term on the right-hand side of (10),

by the law of iterated expectations and Lemma B1,

160(0) = BE{0% (X0) K& (i1 (X1)}
b2 Apo (2) E{0? (022) f (02,0)}

-1/2,.—1/2
- g e () et e @),
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where 05 , La (22/b+ 1,b/2). Taking a Taylor expansion of 02 (02 ,) f (02.) around 65, = z and
using Lemma B2, we have E {02 (025) f (02.2)} = 0% (z) f (x) + O (b) so that

2—1/2

V6,0 (0) = N o? (z) f (z) +o(1).

On the other hand, for a constant a satisfying (A4’), pick a sequence dor = Lb_(l_z/‘s)/(Q”)J.

Then, the second term on the right-hand side of (10) is bounded by

T—1 ) dog—1 _—
S (1-2) 000 £ 5 Brea 0+ T hoo 0 =040

j=1 j=dor

For Uy, using ¢, = ¢ (V) — E{¢ (Yz)| X¢} and the law of iterated expectations gives

Vao ()] < B2 [E{E (16 (Y1) ¢ (YViep)l| X1, X145) Kaaypr1n) (X1) Koaprip) (X145)}
+E{E (o (V)| X1, X115) E (16 (Vi) X145) Kewpr1e) (X1) Ke@piie (X145)}
+E{E (|¢ V)| X1) E (16 Vi) X1, X145) K aypi1,) (X1) K apiie) (X145) }

+E{E (l¢ V)| X1) E (16 (Yie )l X145) Kaprn) (X1) Kaaprn (X145) }]

b/? (U1 +Uig + Uiz + Ura) .

As indicated in the proof of Lemma B2, G (2/b + 1, b) has moments of any nonnegative integer order,

and all these moments are O (1). Then, by (A2) and (A3),

Ui

/Ooo A®E{|¢(YI)¢(Y1+3)|X1 = u7X1+j — U}

‘Kaa/pr1,0) (W) Ka/pr,p) (V) fr144 (u,v) dudv

IN

C/ / (Bo + Bru™ + Bav") KGz/pt1,p) (0) Ka(a/pr1,) (v) dudv
0 0

0(1).
In addition, using (a conditional moment version of) Holder’s inequality,
E{lo (V)| Xo =u} = E{]6 (V) - 1l X; = u} < BV {]o 0’| Xe = u} - 1.

Without loss of generality, assume g > 1 so that ag + aju! > max [1,E { |¢(Yt)|6‘ X, = uH

Then, (A3) implies that

E{]p (V)| Xt = u} < (ao+a1ul)1/6 < ap + au. (11)
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Using (11), (A2) and (A3), we have

U = / / E{|6 ()| X1 = u, X145 = v} E{[¢ (Vi) X1s; = v}
0 0

Kaz/p1,) (0) Kaapr1,p) (V) f1145 (u,v) dudv

IA

c/ / (By + Bru™ + By0™) (ao + cwl) Ka/pr1,b) () KGz/pg1,p) (v) dudv
o Jo

= 0(1).
Similarly, U3 < O (1) can be shown. Furthermore, by (11) and (A2),

Uis

/0/0E{|¢<Y1>||X1=u}E{|¢m+j>||Xl+j=v}
Kea/p1,p) (W) Ko (V) fr45 (u,v) dudv

e’} 2
c {/ (ao + alul) Kaa/p+1,p) (u) du}
0

0(1).

IN

Hence, |74 0 (j)‘ <O (131/2)7 which establishes that

Ui <0 (dOTb1/2> —0 (b{a—<1—2/6>}/(2u>) Y
For Us, we can apply Davydov’s lemma (Corollary A.2 in Hall and Heyde, 1980) to obtain
1-2/5 0 *°
Va0 ()] < 8{a()} ™ / {E‘b1/4€1KG(m/b+l,b) (X1)‘ } :

To find the bound for E |b"/*e1 Kg(u/p41,0) (X1) 6, note that since g (z) = 2° (z > 0) is increasing

and convex,

=y < (| +y)’
{(;) (2a]) + (;) <2y|>}6
(3) i’ + (5)

271 (Jaf” + [yl°)

IN

Substituting z = ¢ (Y1) and y = E {¢ (Y1)| X1} yields

alf <2 [ls ()" + 1B {6 (i) Xl <2t [l ) + B lo V)l Xa}] . (12)
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Then, we have

E b1/4€1KG(g;/b+1,b) (X1)

IN

‘6 b’/ [/DO E { |¢(Y1)|6‘ Xy = u} K apirp () f(u)du

0

" / B {16 ()l X1 = u} Koy o0y (0) f (w) du

Cb6/4 (Ugl + UQQ) .

Again, as argued in the proof of Lemma B2, G (dz/b+ 1,b/d) has moments of any nonnegative
integer order and all these moments are O (1). Then, it follows from Lemma B1, (A2), (A3), and

(11) that each of Us; and Usg is bounded by

CAb’(s (x)/ (OZO + Oqul) Kg((;z/b-i-l,b/(;) (U) du S 0] {Ab’g (1‘)} =0 (b(l_é)m) .
0

Therefore, F |b1/4€1KG(x/b+1,b) (X1)|6 <0 (b1/2*5/4), and thus

T-1 s
1/6—1/2 \11-2/6 —(1-2/6)/2\ j—a q N 1-2/6
=0 (B2 3 faly <0 (b )i 3 e G~
J=aoT J=doT

because O (b~1=2/9/2) & = O (1), dor — oo, and Y J e (j)}1_2/5 < oo. This completes

the proof of this part.

Remark. We can demonstrate (7) even after replacing (A4’) by a weaker condition (A4).

Observe that given (A4) and dop = [b~(172/9)/(29)| "each of U; and U, still becomes o (1).

(ii) Proof of (8). We have

T
1
VC”"{ VoL2TY VAT (5”)} = Var {\/T 2571/4 (Xt — @) et KG(a/pr1.b) (Xt)}
t=1

T-1 .
1610 +2 3 (1= £ ) 764 (). (13)

where v () = b2 E{(X1 — 2) (X145 — @) ere14 Kaepi1p) (X1) Kaa/pi1p) (X145) } s the 517
order autocovariance of the stationary process {b*1/4 (Xt — @) e KG(a/p+1,8) (Xt)}. By the law of

iterated expectations and Lemma B1, the first term on the right-hand side of (13) reduces to

Y61 (0) = bE{(X1— )" 0 (X2) KE (10 (X0) }
b=12 4 5 (2) E {(om —2)2 02 (00) f (92,1)}

p=1/2 {1)1;2\;57?1/2 + o0 (b71/2) } K {(92,97 - x)2 o? (02.0) f (92,r)} )
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where 03, La (22/b+1,b/2). By a Taylor expansion and Lemma B2, we have

b + b2
2

B {02~ 2002 1 02)} = (255 ) 2 @) 7 (0) + O (7)

so that
/2

Ve (0) = mUQ (x) f(z)+o(1).

On the other hand, the second term on the right-hand side of (13) is bounded by

T-1 ‘ dip—1 -
2 <1;,) Ya1 @D < D2 ea DI+ Y2 s @) =i+ Ve,
7j=1

j=1 j=diT
where the sequence dyr is defined as dyr = Lb‘3(1_2/5)/(2“)J for a constant a satisfying (A4’). For

V1, the same logic as in part (i) yields

Va1 ()] < bTVPE[E{]¢ (V1) ¢ (Viey)l| X1, X145} X1 — 2] Kga/pap) (X1)
X4 = 2l Kaprp) (Xi4)]
+bVPE [E{|¢p V)|l X1, X145} 1 X1 — 2 K oppiie (X1)
E {0 (YVie)l X145} 1 X145 — 2 Kao/pirp) (X145)]
+bPE [E{]¢p (V)| X1} X1 — 2] Kgaypri) (X1)
EA{]¢ (Vi) X1, X153} Xy — 2| Kaagpiip) (X145)]
+bV2E [E{]¢p (V)| X1} X1 — 2] Kgaypr1) (X1)
EA{]¢ Vi)l X145} X115 — 2l Kgapr,n) (X145)]

Vi1t + Vig + Viz + Via.

Observe that by (A2), we have £~ (u) < m; "' so that

P s = mg e () s ef 7). "

Using (A3),

(oo}

IN

Vu < a2 [{ | B0t uum) o= ol Ketapur () f ) du} { /

+ {/ Bav™ v — x| Kga/p+1,8) (v) f (V) dU} {/ |u — x| Kg(z/p1,p) (w) f(u) dUH
0 0

b2 (Vi Vina + VitaVia) -

10— 2| Ko /sis) (0) £ () dv}
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The Cauchy-Schwarz inequality implies that

1/2
Vi

IN

{ﬂo / (u— 2)? Koo ppars) (@) f (u) du+ By / ™ (4 — 2)2 Ko /pr1n) (u)f(u)du}

0o 1/2
: {/ (Bo + B1u™) Ka(a/pt1,p) (w) f(u) du}

0

(BoVi111 + 51‘/1112)1/2 V111/123-

By a Taylor expansion and Lemma B2, we have Vi11; = O (b) and Vi112 = O (b). In addition,
Viiz = O (1), and thus Vi;; < O (b/2). Similarly, each of V112, Vi1 and Vi14 is at most O (b/2).
Hence, V1; < O (bl/ 2). Applying the same procedure, we can also demonstrate that each of Via,
Vi3 and Vi4 is bounded by O (bl/z). Hence, we can conclude that |'yG,1 (j)’ <0 (b1/2), which
establishes that

Vi <O (lebl/Z) -0 (b{a—3(1—2/6)}/(2a)) 0.

For V5, we can apply again Davydov’s lemma to obtain
1-2/6 A
v ()] < 8{a()} ™ / {E ‘5_1/4 (X1 —2) e1 KGa/p41,8) (Xl)‘ }

It follows from (11), (12), (14), and Lemma B1 that
1/4 o
E ‘bi M(X1 — o) e1 Koo (X1)’

< b [/O lu—z’ E { |6 (Yl)ﬂ X, = u} K& (o jpirn (W) f () du
T / fu— 2’ B {16 (V)| X1 = u} K&y 1.0y (0) f (w) du
< Cb75/4Ab,6 (33)/ lu — %‘|(S (CYO + alul) K a/b+1,6/5) (u) f (u) du

0

Cb_5/4Ab75 (x) Vo1.

By the Cauchy-Schwarz inequality,

1/2
Va1

IN

o0 o0
{ao / = 22 Ksapprrasy () f (w) du+ / i o — 2 Kesapprnnss) () f (u) du}
0 0
1/2

. {/o (ao + alul) Kesa/p+1,6/5) (u) f(u) du}

= (Vo + a1V212)1/2 V211/32~

Recall that 20 > 4. Hence, by Lemma B2, each of V517 and V515 is at most O (b2). Clearly,
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V213 = O (1), and thus we have Vo1 < O (b) so that

6
E ‘b71/4 (X; — ) ElKG(x/b+1,b) (Xl)‘ < p=3/40 (b(lfﬁ)/2) o) =0 (b3/2735/4) .

Therefore,
T-1 o)
Vs <O(b3/6 3/2) Z {a 1 2/8 < O(b—3(1—2/6)/2) df’ﬁ Z j {CY( )}1 2/6 =0,
j=dir j=dir

because O (b=31=2/9/2) d; = O (1), dip — oo, and Y72, j* {a (j )}'7%/° < co.  This completes

the proof of this part.

(iii) Proof of (9). We have

Cov{\/bl/QTTéo ), Vo 2Ty 2Ty x)}

T
1
= {\f Zb /4 K@iy (Xi), —= Zb Vi (X, —2) et K G (z/b+1,b) (Xt)}
T t=1

Yas 0423 (1-2) es . (15)
j=1

where v¢ 3 (§) = E{ Xij — ) ere1y i KGamrp) (X1) Kaa/pr,p) (X1+j)} is the j'"-order cross-
covariance of the stationary processes {b*/*€, K (z/p11,5) (X¢) } and {674 (X — 2) &K (api1,5) (Xe) }-
By the law of iterated expectations and Lemma B1, the first term on the right-hand side of (15)

reduces to

Y63 (0) = E{(X1-2)0% (X0) Kd(uppinn (K1)}

= A2 (@) E{(022 — )0 (02,2) f (02.2)}

p—1/24—1/2
o

+o (b*m) } E{(022 —x) 0% (02) f (02.2)}

where 03 ; ia (2¢/b+1,b/2). By a Taylor expansion and Lemma B2, we can see that

E {(92,z - .’E) 02 (92,93) f (62,:1:)} =0 (b)

and thus 743 (0) = 0 (b1/2) = 0(1). On the other hand, applying the same procedures as in parts
(i) and (ii), we can also establish that the second term on the right-hand side of (15) is o (1). This

completes the proof. W
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Lemma A3. If the conditions (A1)-(A8), (A4’), (A5)-(A6) hold, then for interior x,

VOL2TQg 7% N (0,¢TVge), VO2TQ6p % N (0,¢TVige), VY2TQhyc.r % N (0,¢"Vrice).

Proof of Lemma A3. We employ the small-block and large-block argument. Partition the set

{1,...,T} into 2qr + 1 subsets with large block of size rr and small block of sy. Put

_ T
qr = P

Also let <7, ; = €TZg; ;, where

A [ 041 Kby (Xjvn) }
G,j p—1/4 (X1 — ) €1 K@) (Xjt1)

for 7=0,...,T —1. Then,

T-1
/ * 1 *
bl/QTQGJ’ == 4\/T Z CG,]
j=0

Furthermore, define the random variables, for 0 < j < gp — 1,

j(ro+sr)+rr—1 (G+1)(rr+s7)—1 T—1
* _ * * o * * o *
NGg,; = E SG,i» fG,j = E SG,i» §G,q = E SGi
i=j(rr+sr) i=j(rr+sr)+rr i=qr (r7+5T)

It follows that

qr—1 qr—1

1 1
VOPTQG p = —= | D na,+ > €6+ 86, | = —= Qara + Qora+ Qars).
VT =0 =0 \/T

We will show that

1B (Qra) — 0. (16)
%E(Qé,T,Zﬂ) — 0, (17)
E{eXp(itQG,T,l)}_qjljolE{eXp(itn*G,j)}‘ — 0, (18)
;qTZ_lE(nE%j) — <V, (19)

pard
}Q_TX_le[nz%jl{lnajize(cTVGchx/T}} — 0 (20)

J:
for every e > 0. (16) and (17) imply that Qg r2 and Q¢ 1,3 are asymptotically negligible, (18)

implies that the summands {naj} in Qg1 are asymptotically mutually independent, and (19)
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and (20) are the standard Lindeberg-Feller conditions for asymptotic normality of Q¢ 71 under
independence. Hence, the lemma follows if we can show (16)-(20).
We first choose the block sizes. (A6) implies that a sequence v, € N such that v, — oo,

1/2

YrsT/ (1)1/2T)1/2 — 0, and v4 (T/6Y2)""a(st) — 0 as T — co. Define the large-block size r by

e |

YT

and the small-block size by sp. It follows that

ST rT rT
=0, —

- T —>0> (b1/2T)1/2 —

as T — oo. The proofs of (16)-(20) are given subsequently.

(i) Proof of (16). Observe that

qr—1 qr—1 qr—1
E(Q¢r2) Z Var (£6;) + Z Z Cov (£6,,€6,;) = Fr + Fa.
i=0 j=0, j£i

For F1, it follows from stationarity and Lemma A2 that

ST
Fy=qrVar [ Y <&, | =arsr{c"Vee+o(1)} = O (grsr).
=1

On the other hand, F3 can be further rewritten as

qr—1 qr—1 sp—1sp—1

F, = z Z Z Z Cov (fg,m¢+l17£g,mj+lz)’

i=0 j=0,ji 1;=0 13=0

where m; = j(rp+srp) + rp. Sincei # j, we have |(m; +11) — (m; +12)] > rp.  Then, by

stationarity,
T—rp—1 —
|F2‘<2 Z Z |CO'U £Gl17£Gl2 | <2TZ ’CO'U £G07€G])|
11=0 le=li+rr J=rT

Note that the arguments used in the proof of Lemma A2 imply that Z] oy |C’ov (§G 0:é6 j) | =o0(1).

Therefore, |F3| < o(T), and thus, by (21),

L B (@2 1) :o(qT;T) +o(1) :0( o >+o(1) 0.

rp+ ST
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(ii) Proof of (17). Using a similar argument to the one used in the proof of (16), we have, by
(21),
1 T-1

—E (QQG,T,3) < *{T—QT(TT‘FST)}VC”" (§G0 +22|COU fGOagG,J)}
7=0

o(1){c"Vge+o(1)} +0(1) — 0.

(iii) Proof of (18). Observe that ng , is .Fg:—measurable with i, = a(rr+sr) + 1 and

Ja =a(rr+ sr)+rr. Applying Lemma B3 with V; = exp (itnaj) and (21) yields

E{exp (itQc,r,1)} — H E {exp (itng ;) }| < 16gra (sv +1) ~ 16 (

j=0

>OZ(ST+1)4)O.

rT 4+ ST

(iv) Proof of (19). By stationarity and Lemma A2, we have

E (77224') =Var (772‘,]') =rp{cTVgc+o(1)}.

Therefore, by (21),

= Z B (n2;) = T eV + o (1)) ~ ( )chGcechGc.

rT + ST

(v) Proof of (20). We employ a truncation argument because €; is not necessarily bounded.

Let e =¢€;1{|e;| < L} for some fixed truncation point L > 0. Also let g*L =cT Z*L , where

b1/4€]["+1KG(:c/b+1,b) (Xj+1) :| -

Z =
& [ b4 (X1 — 2) b Ko pan) (Xjt1)

Furthermore, define
Jjrr+sr)+rr—1

G T = b1/4T Z gG,j’ nG,] Z GELZ

i=j(rr+srt)

In addition, let 62‘;%]- =cT ZZLj, where

=l b1/4E]L+1KG(1/b+1,b) (Xj+1) }
+1)

@ { b4 (X4 — ) g]L-HKG(;Jc/bH,b) (X
and EJL =¢;1{|e;| > L}. Finally, define
~xL
G T = b1/4T Z $G.j
so that Qo = QZ‘L,T + QZ‘LT
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Since both Kg(z/p+1,5) (v) and uKg(z/p+1,5) (u) are bounded above, we have

|(Xj31 — %) Kg o pi1p) (Xjt1)| < o0 (22)

for 7 =0,...,T — 1 so that

SeF;| < eLb™'/%. Then,

nELJ{ < cLrpb= 4, (23)
and thus, by (21),
e T

<c

0.
VT - eer

It follows that

e

at all j for sufficiently large 7. Then, applying (23) and (24), we have

n*ijj| >e€ (CTVGc)l/2 \/T} =0 (24)

-1

E [, 1{lnh] = e (Vo) VT

]

1‘1
T “
J

2qr—1
rr <L T 1/2 }
< ¢ (W) jz::() Pr{|nG7J‘ >€(c"Vge) P VT — 0.

I
o

In other words, (20) holds for the truncated variables. Consequently, we have the following asymp-

totic normality result
1
VBPTQy = <& N (0,eTVie) (25)
where V& = Var (Z*GLJ| X; = a:)

The remaining task for establishing (20) is to show that as first 7' — oo and then L — oo,

V2 TVar (Qitr) — 0. (26)
Indeed,
2 o (10727 Q5 ) } - o (Jﬁjavcc) |
< | o (vo7270etr) - exp (=G erviie) | + [ {exp (/3757038 } -1

_|_

t? t2
exp <—2CTVéC> — exp (—QCTVGC> ‘

= b+ Ey+ Es.

30



By (25), By — 0as T — 0 for every L > 0. FE3 — 0 as first T — oo and then L — oo, because
Vé — Var (ZZJ’ X; = x) = V¢ by the dominated convergence theorem. We can also see that

E5 — 0 as first T — oo and then L — oo, if (26) holds. Now,
’TIEI(l)O b 2TVar (QELT> =c'Var (ZEL]‘ X; = x) c=cVar (Zg ;1{le;] > L} X;=2)c—0

as L — oo by the dominated convergence theorem. This completes the proof. W

A.1.1 Proof of Theorem 1

Lemma A3 implies that

V2T lzT:KG (X)) e s SN 0, 2@ F @)
T (z/b+1,b) (Xt) € WE

t=1
Also, define
. S Ko (Xo)m (Xy) . 1 &
¢ (z) = == : =Sg0 @) 7 D K@i (Xe)m(Xe) o
ZtT:1 KG(w/bJrl,b) (Xt) T ;

Then, by the definitions of 7g” (z) and €,
1
P () — P (@) = S5 (@) {T S Koo (X0) } .
t=1

Therefore, by Slutsky’s lemma and Lemma A1, we have

VBVAT [l () — e ()} % N (0, W (; ((5))) . (27)

In addition, a second-order Taylor expansion yields

m// (x)
2

me” (@) = m(z) +m' (2) Sg (2) Saa (x) + S (2) S (2) + 0p {Sc3 (2)},  (28)

where
Sea (@) ={f () +af (@)} b+ 0, (), g2 (z) = af (x) b+ 0, (b), Sea (@) =0, (b7)  (29)
by Lemma B2 and the ergodic theorem. Substituting (29) into (28) and using Lemma A1l and (A7),
we can see that the left-hand side of (27) can be approximated by
VOURT i (@) — g ()}
= VT [mgw (@) —m (z) — {m’ () <1 i (:c)>  am” (m)} b+o, (b)}

f(z) 2
N e {mgw (z) —m (z) — {m' (z) <1 + zfg)) + %xm” (x)} b} +o,(1).
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This completes the proof. W

A.1.2 Proof of Theorem 2

Lemma A3 and the Cramér-Wald device imply that vb!/2T o 4, N (02, V), where 0y is the

2 x 1 zero vector. Also, define

a 1 T 1
{ Z G(z/b+1,b) Xt) l: Xt—l’ :| [ 1 Xt—(t ]} {TZKG(x/b+1,b) (Xt) |: Xt—SL'

— t=1

Then, by the definitions of B () and e,
1 0 (- .
o e | {Be@ - Bo@)
-1 T -1
1 0 1
[ e 0 v )
d 1
{ Z G(x/b+1,b) Xt){Xt_x:|€t}

S T £ > mte | B P

t=1

-1 T
1 0 1 0 1 1
o] o be ) {a g memmeso L ]}

= S(_?,th*G,T'
Therefore, by Slutsky’s lemma and Lemma A1, we have
1 0 - ~ d _ _
e [ 0 e } {Be (@) = Ba (1)} 4 N (02,85'VaSg). (30)

In addition, a second-order Taylor expansion yields

PR C) [ L0 ]SG}T [ L0 } [ S,z (v) } N [ OpOfb{_Si%gix()j)} (31)

where

Sga(x)=af(x)b+o0,(b), Sgs(xz)=0, (b2) ,Sca(z) =0, (bQ) (32)
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by Lemma B2 and the ergodic theorem. Substituting (32) into (31) and using Lemma Al and (A7),

the left-hand side of (30) can be approximated by

VIR | oy | {Be @) - Bo )}

]} ] o2 [ 2 1 [ 48]}

where Vb1/2To, (b) = o, (VB/?T) = 0, (1), and VBIZT620, (b) = b'/20, (VBT = o, (1).

Therefore, (30) can be rewritten as

O O e I A R (R R P

by letting 7}, 1 = Vb'/2T [ 0 b10/2 }, and Vg = W% This completes the proof. W

A.2 Proof of Theorem 3

The proof of Theorem 3 requires the following three lemmata. Before proceeding, we introduce

some additional notation. For interior z, define

-1

x1/2 e L
bG,t (fﬂ) = |:]. + 4f{ 172 + f{il‘)( ) } b /2 (Xt — .’E) KG(r/b+l,b) (Xt):| s
brgt(v) = {1 + 4/mx 320 (@) ((j)) b2 (Xy — ) KrG(wam) (Xt)} ;
brigt(z) = {1 + 4/ 121 7(@) ((;:)) b2 (X — @) KR1c(1)(o—b),1/0) (Xt)}_ -

For such b; (z) depending on a particular asymmetric kernel K (u), let

T
1

Ji=—=Y b"/% Kaup (X1).

1 \/th:; t(l")Gt ,b( t)

Lemma A4. If the conditions (A1)-(A5) hold, then for interior x,

o* (z) f (z)
2y/mzl/2

o?(z) f (x)
2ﬁx3/2 ’

o? (x) f (x)

Var (Ja,u) — 2/mal/2

Var (Jiga1) — Var (Jriga1) —

Proof of Lemma A4. It follows from (22) that bg; (r) = 1+ 0, (1). Then, applying the same

arguments which are used to establish (7), we obtain the stated results. W
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Lemma A5. Let

1 T
*Z Xt_l' (Xt)ajeN'
t=1

’ﬂ

If the conditions (A1)-(A5) hold, then for interior x,

21/2
W (o) = {f(@)+af @b+, 0).Waa (@) = =0 4o, (#2) Waa (a) = 0, 0),
232
Wi (o) = 925 (@)+0,0). Wica (2) = T X0 40, (117) Wiy (2) = 0, (0.
x / X
Wrica (@) = mf’(x)b—kop(b),WmG,g(w):142f\/7,r()bl/2+0p (8'/2) Whic.s (2) = 0, ().

Proof of Lemma A5. Using Lemma B1,

E{We; @)} = B{(X1 =) Kb, 14 (X0) } = Ao (@) E{(0j0 —2)" £ (0,.0)}

where 0 . Laq (jx/b+1,b/7). Taking a second-order Taylor expansion and using Lemma B2, we

have, for interior x,

E{Wa, ()} E{Sc(2)} ={f(x) +af (z)}b+o(b),
T 21/
E{Waz(z)} = Apa(z {( b+b2> )+O(b2)} 2 ( )51/2 (b1/2),
O

v

E{Wgs(z)} = Ayz(z)0(b?)=0(b).

Finally, the ergodic theorem establishes the results. W

Lemma A6. If the conditions (A1)-(A5) hold, then for interior x,

221 (x
A = Ag(x)4ﬁ{ 1;{;(:)( )}b1/2{1+op(1)},
Mo = (o) = R (140, (),

Aric = Aric(v) =4/ 2/ 0] ((;)) b2 {140, (1)},
so that py(z) = T (x) {1+ 0, (1)} for b;(z) depending on a particular asymmetric kernel
K%b (u)
Proof of Lemma A6. It follows from (22) that we can pick some constant M¢ > 0 such that

sup (X1 — 2) Ka(apr1) (Xj11)| < M < oc.
0<j<T—1
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Then, applying expression (6.4) in Chen and Hall (1993) and using Lemma A2, we have

Wea (z)] 1/2
M| < J =0, (b .
Dol < G e e~ % ()

Furthermore, a second-order Taylor expansion of the right-hand side of

zT: (Xt — ) Kg(a/pr1,0) (Xi)
L+ Xg (Xt —2) Kga/pr1,p) (Xe)

around Ag = 0 gives

0=Wei (x) — AaWeaa (z) + AaWa.s ()

for some \g joining Ag and 0. Since A\ is a convex combination of Ag and 0, we have A\g = O, (bl/g)

so that Ay We s (z) = O, (b?) by Lemma A5. Therefore, substituting the results in Lemma A5 yields

We,i () | 2 Wes () 1 ' 2f ()
Ao = 2t +AGWZ3 :4\/E{x1/2+ @ }b1/2{1+op(1)}+0p(b3/2),

A.2.1 Proof of Theorem 3

It follows from Lemma A6 that

ST {6 (Y2) —m (2)} pes () Kaepern (Xo)
S e (2) K1) (Xt)

L) "2 L
b /=T Joi+Jaz ¢ Jaz{l+o,(1)},

g (x) —m(z) =

where
T
1
Jgo2 = T ; {m (Xe) —m (2)} bat (2) Kaapip) (Xe)
1 I
Jos = 7 Z ba,t () KG(a/p1,0) (Xt) -

~
Il
-

To approximate Jg 2, note that

T
1
70 (Xt = 2)" Kauppern) (X0) = Sz (2) = of (2)b+ 0, (b).

t:l

Then, taking a second-order Taylor expansion and using (2) and bg . (z) = 1+ 0, (1), we have

T
1 //
Jor = 23" (X b (2) Koo (X0) + 0 (S5 (@)
t=1
= %xm” () f(x)b+o0p, (D).
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Similarly, Jg 3 = f (z) + 0, (1). Therefore,

\Vbl/2T { ne (z) —m (z) — %xm" () b} =f ) Jg1+o,(1).

Finally, demonstrating the asymptotic normality of the right-hand side closely follows the arguments

used in the proof of Lemma A3, and thus the details are omitted. W

A.3 Proofs of Theorems 4 and 5

The proofs of Theorems 4 and 5 require the following three lemmata.

Lemma A7. Let

ST _ [ SG,O (33) 1SG 1 (x)
G | b1Sqq () b 2S¢ (z)
gt _ [ Sico(@)  072Sica(x)
6T | b 2S00 (z) b 4Siga (z) |
ST _ SRIG,O (1') bilsRIG,l (:E)
RIG,T | b 'Sriga (@) b 2Sgige(x) |-

If the conditions (A1)-(A5) hold, then for boundary x,

1
Sbr 86 = || Lo /@, (33)
St Bsh (k) = 10 34
IG,T — PIG k) = 0 K3 f(z), (34)
s bst o= |1 0] 35
RIG,T ric (k) = 0 k41 f (). (35)

Proof of Lemma A7. Following the argument used in the proof of Lemma Al and applying

Lemma B2, we have

E{Sco(z)} = f(z)+0(),
E{Sci(x)} = [f(z)b+0 (%),

E{Saa(x)} = (k+2)f(z)b*+0(b?),

since & = kb + 0 (b). Then, invoking the ergodic theorem establishes the results. W
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Lemma A8. Let

5 (z)
[ 1Ty () } for the Gamma and RIG kernels

{ b‘z;%“gx()x) } for the IG kernel,

where Tj (z) and Ty (z) are defined in Lemma A2. Also, for an arbitrary vector ¢ € R?, define

QTT = cTtTT. If the conditions (A1)-(A3), (A4’), (A5) hold, then for boundary z,

Var (MQET) — cTVg (k) c

SR
- o} oo

Var (v szQ;QT) — CTV;[G (k) c

! 3/2 0
= cT { 2/ 3/2 ] o? (x) f (x)} c,
0 AV

Var (\/ bTQEIG’T) — cTVEIG (k) c

= " {ZT (k) o’ (@) f(x)}e,

o124 %H—3/2+ 3 .—5/2 _3,-1/2 _ 1,.-3/2 4 3 ,.-5/2

_3,-1/2 1,-3/2 "3 -5/2 1.1/2 17 -1/2 23 -3/2 | 33 5/
1 gh + gk gk "+ 5k + Gik + 138k

where Bt (k) = ﬁ [

Proof of Lemma AS8. It suffices to demonstrate that

Var {\/ﬁT&O (m)} . (22;_&111_)‘;(&(? {)(x) +o(1), (36)

Var {\/ﬁb_lTé’l (ac)} = (KJ —2'_ 1) L (zzntiz;(%(f_) {)(a:) +o(1), (37)

Cov {VITTz o (2) VITH Ty ()} = (;) F(QQ’Z;;}F);' (H(i) i’;(m) Fo(1). (38)

(i) Proof of (36). We have

T
y 1
Var { V bTTG,O (IE)} = Var {\/T E bl/QGtKG(w/b-i-l,b) (Xf)}
t=1

T—1 )
] .
o @ +23 (1= £ )2k ) (39)
j=1
where ’yTGﬂ (j) =bE {6161+jKG(x/b+1,b) (X1) Ka(a/v+1,0) (X1+j)} is the j*"-order autocovariance of
the stationary process {bl/zetKg(m/bH,b) (Xt)}. Lemma B1 implies that the first term on the
right-hand side of (39) reduces to

Vo0 (0) = bz (2) B {0® (02) f (B20)} = b {m o <bl)} E{0® (022) f (02.0)}
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where 05, e (22/b+1,b/2). Since E {02 (02,5) f (02,2)} = 0% (z) f () + O (b) for boundary z,

we have

I'2s+1)02(2) f(x
’72',0 (0) = (225_;,_1122 (Ii(—i-)l)( )

+o(l).

On the other hand, for a constant a satisfying (A4’), pick a sequence d(T)T = Lb_(l_Q/‘s)/“J . Then,
the second term on the right-hand side of (39) is bounded by
T-1 j -1 T-1
S (1-2) ko] = X o]+ X o] =01+ 0L
j=1 j=1 j:dgT

For Uf ,

7270 (j)‘ < b(Ur + Uia + Uys + Ury), where Uyq, Ura, U, and Uy, are defined in the proof
of Lemma A2. It is demonstrated in Lemma A2 that each of Uyy, Uyo, Uy3, and U4 is bounded by

O (1), and thus "yg}o (])‘ < O (b), which establishes that
U <0 (djb) = O (ble=0-2/04e) g,
For U,, by Davydov’s lemma,

- 5y 2/6
‘72‘,0 (])’ <8{a (j)}l 2/0 {E ’bl/zﬁlKG(x/bﬂ,b) (X1)‘ } )

where F |b1/2€1Kg($/b+17b) (Xl)}é < cb®/? (Uyy + Usz), and Us; and Uy are defined in the proof of
Lemma A2. Applying the same arguments as in the proof of Lemma A2, it can be shown that each
of Uy and Usy is bounded by O {4, (z)} = O (b1_5). Therefore, E ‘b1/461KG(w/b+1’b) (Xl)’6 <

0] (blf‘s/z), and thus

T-1 o
U2T <0 <b2/5*1> Z {Oé (j)}1—2/5 <0 (b*(172/5)) dg)j:a Z ja {OL (j)}1—2/6 - O,
j:d;r)T j:dgT

because O (b~(172/9)) dg;a =0(1), d(];T — 00, and Y 77, j {a (]')}172/[s < 0o. This completes the

proof of this part.

Remark. As before, (36) can be demonstrated even after replacing (A4’) by the weaker condi-
tion (A4). Observe that given (A4) and d};T = [b=(=2/9/2] it can be shown that each of U and

UJ is still o (1).
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(ii) Proof of (37). We have

T
1
Var {vbTb‘ng,l (x)} = Var {\/T Z b2 (Xy — 2) e Ka(aprn) (Xt)}
t=1

T-1 .
@423 (1- )5, 0), (40

where 7%, (j) = b E{(X1 — 2) (X145 — @) exe1 K aypap) (X1) Kagoyprip) (X145)} is the 5t
order autocovariance of the stationary process {b‘1/2 (Xt — o) €. KG(a)p41,b) (Xt)}. By Lemma B1,

the first term on the right-hand side of (40) reduces to

0 (0) = b Ay (@) B{ (020 — )% 0% (022) ] (0) }

_ {m +0 (bl)} B{(020 —2)° 0* (020) £ (2.0) |

where 65 4 G (2x/b+1,b/2). Using a Taylor expansion and Lemma B2 and noting that z =
kb + o (b) for boundary x, we have

k+1
2

E {(92@ —2)2 02 (020) f (92@)} - < > 0% () f (z) b + o (b?)

so that

(o)t

-‘— ==
V6.1 (0) 9 22512 (1 4 1)

On the other hand, the second term on the right-hand side of (40) is bounded by

T-1 ; dip—1 T-1
> <1T) a2 D Pl + X ka0 =i+,
j=1 gt

J=1 Jj=dip

where the sequence dJ{T is defined as dIT = Lb*3(1*2/5)/aJ for a constant a satisfying (A4’).
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To find the bound for V', we have "yTG,l (])‘ < Vi + Vi + Vi + V), where

Vi = b'E[E{]6 (Y1) é (Vi) X1, Xiai} X1 — 2| Kaeyprip) (X1)
X4y — 2 Koo (Xi45)] s

Vi = b B [E{lo (V)| X1, X145} X1 — 2l Kaaprs (X1)
E{|o Vi)l X1} X1y — 2l Ka/prie (X145)]

Vi = B [E{l¢ (V)| X1} X1 - a2l Kaps (X1)
E {1 (Vi) X1, X145} 1 X145 — 2l Kagapis) (X145)]

Vi, = b'E[E{]6 (YD)l X1} X1 — 2 Kgypeip (X1)
E {1 Vi)l X145} X1 — 2| Kgaprn) (Xig)] -

Note that Vf1 < b 1 (Vi11Vi12 + Vi13Vi14), where Viii, Viia, Vi3, and Viyy are defined in
the proof of Lemma A2. Moreover, Vi1 < (ByVi111 + 511/1112)1/2 ‘/111/123 by the Cauchy-Schwarz
inequality, where V3111, V1112 and Vi113 are again defined in the proof of Lemma A2. By a Taylor
expansion and Lemma B2, together with @ = kb + o(b), we have Vi11;7 = O (bQ) and Vi1 =
O (bm+2). In addition, V3113 = O (1), and thus V311 < O (b). Similarly, each of V112, V113 and V314
is at most O (b). Hence, VlT1 < O (b). Applying the same argument, it can also be demonstrated
that each of V}}, Vf3 and V!, is bounded by O (b). Hence, we can conclude that ’7271 (])‘ <O (b),
which establishes that

vi<o (dJ{Tb> -0 (b{a—3(1—2/6)}/a> 0.

For V5, Davydov’s lemma implies that

1-2/6 A
i )] < 840 B2 (- o) e (0]

where F |b_1/2 (X1 — ) e1 KG(a/p41,0) (X1)|6 < cb“s/zAb’g () Va1, and Vo is defined in the proof of

Lemma A2. Furthermore, Vo1 < (apVor11 + 041V212)1/2 V211/32, where

Vour = / lu— 2* Keseppri6) (u) f (u) du,
OOO

Varz = / u fu = 2% Kase pirpss) () f(u) du,
OOO

Vo13 = /0 (a0 + 1) Kgsupr1,75) (u) f (u) du,
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where 2§ > 4. Then, by Lemma B2, V511 and V515 are bounded by O (b4) and O (bl“"l)7 respectively.
Clearly, V515 = O (1), and thus we have Vo; < O (b2). Hence, F |lf1/2 (X1 —2) e KG(a/p41,h) (Xl)‘g

O (b¥3/2) because Ay s (x) = O (b'~?%). Therefore,

vy <O<b6/5 3) z {a (G 2/6 <O< 3(172/5)) dba i j {a () 26 0,
7= d j:le

because O (b=31-2/9) di;a = 0(1), dJ{T — 00, and Z] 17y N /% < 50.  This completes

the proof of this part.

(iii) Proof of (38). We have

Cov {\/ﬁTé o (), \/ﬁb_lTé 1 (at)}

T
= Cov Zb Pe Kb (X1), Z (X — ) € Ko b (X0)
\/Tt 1 t=1
T—-1 j
= s @+2% (1= )b ), (a)
j=1

where 'yTG’:s () = E{(X14; — 2) ere14KG(a/p11.6) (X1) Kz pr1,6) (X144)} is the j-order cross-
covariance of the stationary processes {b1/2€tKg(x/b+1,b) (Xt)} and {b_1/2 (Xt — ) e KG(a/b41,0) (Xt)}.

By Lemma B1, the first term on the right-hand side of (41) reduces to

s 0) = B{(X1—2)0* (X0) K10 (X1)}

Aps () E{ (02,0 — ) 0% (02.2) f (62,2)}

= { T o) {0~ ) 02 102}

where 63, 4 G (2x/b+1,b/2). Using a Taylor expansion, Lemma B2 and x = kb + o(b) for

boundary x, we have

B {(02.0 ~ 2)0> (02)  (B0)} = 20° (2) ] (2) + O (1?)

so that

+o(1).

1\ D264 1) 0 @)/ (2)
2) " 22HIL2 (5 + 1)
On the other hand, applying the same procedures as in parts (i) and (ii), we can also establish that

the second term on the right-hand side of (41) is o (1). This completes the proof. W
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Lemma A9. If the conditions (A1)-(A8), (A4’), (A5), (AG’) hold, then for boundary x,

VITQL 1 4 N (0,67VE (1)), VPTQ] g N (0,¢7Vig (k) ¢) , VBT Qlyrr - N (0,€7 Vi (W) ).

Proof of Lemma A9. The proof strategies used for Lemma A3 directly apply after the fol-
lowing minor modifications. First, for the block sizes in the small-block and large-block argu-

1/2

ment, we can use (A6’) and pick a sequence v, € N such that v, — oo, ypsr/ (bT)" — 0, and

T (T/b)l/2 a(sy) — 0 as T — oo. Define the large-block size rr by

{(bT)l/ 2 J
rp =
YT

and the small-block size by s7. It follows that

ST rr T
— =0, = —0, ——7 — 0, —a(sy) =0
rr T (bT)1/2 rp ( T)

_ T
qr = P

Second, replace ¢ ; by gg j=c' Zg _j» Where

as T — oo. Also put

gt [ b2 ej 1 K a/brnp) (Xjt1)
G b2 (Xj1 — @) 1 Kaesprrp) (Xj41)

for 7=0,...,T — 1, so that
=
VOTQL » = ==Y "<k,
G,T G.,j
VT &
Then, the five statements analogous to (16)-(20) can be demonstrated in exactly the same manner.
[ |

A.3.1 Proof of Theorem 4

Lemma A9 implies that

L 26+ 1)0?(z T
T Man (e} . (0 EGEERT).

Using the same argument as in the proof of Theorem 1 and applying Slutsky’s lemma and Lemma

A7, we have

KR 0'2 x
VIT (g o) = i (20} N (0, gt 7). (12)
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where m{" (z) is defined in the proof of Theorem 1. Note that
Saa(z) = f(2)b+0, (), Sz (x) =0, (V?), Sas(z) =0, (b*), (43)

by Lemma B2 and the ergodic theorem as x/b — k. Substituting (43) into (28) and using Lemma

A7 and (AT’), we can see that the left-hand side of (42) can be approximated by

VOT {ing" (x) —mg* ()} = VT {mg” (¢) —m(x) —m' () b+ o, ()}

VT {mg"” (x) —m (z) = m' (2) b} + 0p (1) .
This completes the proof. W

A.3.2 Proof of Theorem 5

Lemma A9 and the Cramér-Wald device imply that v/ thg,T 4N (02, Vg (n)) Following to the

same argument as in the proof of Theorem 2, we also have
[ (1) 2 ] {ﬁc (z) - BG (33)} = SI;_,%HQT-
Therefore, by Slutsky’s lemma and Lemma A7,
VIT| 5 3 [{Be @ - Be@} 4 ¥ (00,85 00 VE 008 (). (14)

In addition, a second-order Taylor expansion yields

ety 8 T3 8] o ]

where
Sao(z) =(k+2) f(x) b+ 0p (bz) , Sas(x) = (5k+6) f(z) b+ Op (b3) ,Sca(z) =0, (b4) (46)

by Lemma B2 and the ergodic theorem as z/b — x. Substituting (46) into (45) and using Lemma

A7 and (A7), we can see that the left-hand side of (44) can be approximated by

[{Be @ - o )}
[{Bet@—p) -2 [ 220 Lo GO ]
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where vbT'o, (b%) = o, (\/ﬁ) =0, (1), and VbTbo, (b) = o, (\/ﬁ) = o, (1).

Therefore, (44) can be rewritten as

o=t -2 [ 8 2w (][5° 2] i)

by letting T 2 = VT [ é g } and VZ = 22"11(12;;61)4-1) U;((;)). This completes the proof. W

B Appendix B: Auxiliary Results

Appendix B additionally provides three lemmata that are useful to establish the theorems in this
paper. Lemma Bl refers to the properties of powered asymmetric kernels with an arbitrarily
chosen exponent ¥ > 1. For convenience, Lemma B2 presents analytical expressions and orders
of magnitude of the moments of three asymmetric kernels around the design point z. Lemma B3

restates Lemma 1.1 in Volkonskii and Razanov (1959).

Lemma Bl. For v >1,

Ké(w/b-i—l,b) (U) = Ab,l/ ('r) KG(uw/bJrl,b/l/) (U) )
KiG@am W) = Byt K 160 (W)
KI%IG(l/(xfb),l/b) (u) = Bb,Vu(l_V)/QKRIG(I/(xfb),u/b) (u),
where
Ay (2) brvT (vx/b+ 1) 717:1_/:)(/\2/‘;;);?:2 +o0 (6(1*”)/2) for interior x
by = ve v = “VD(uk
praltH (/b + 1) 7ybjm+f;,,(ntll)) +0(b'7) for boundary =,
and
p(1—v)/2

v /2 (\/ﬁ)yil.

Proof of Lemma B1. A straightforward calculation yields
va /b _

N  u"®Pexp (—vu/b)

KG(z/b+1,b) (u) T pya/btrTw (Z‘/b + 1)

{ BT (va/b+ 1) } u”*/* exp {~u/ (b/v)} 1{u
vre/PH (@/b+ 1) | | (b/v)" /T (v /b + 1)

1{u> 0}

> 0}

Apy () KGa/p41,6/v) (1) -
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Let R (z) = v2m2*t/2exp (—2) /T (z + 1) for z > 0. Following the argument in Section 3 of Chen

(2000b), we have

Ay () = - o (s
v1/2 (V2r) " R(vz/b) v1/2 (V2r)

for interior z. On the other hand, as x/b — k > 0,

B b(l_y)/2l‘(1_y)/2RV (SL‘/b) B b(l—y)/ZI(l—V)/2 ( 3 )

b'T (vk + 1)

A () = 0P (e 1)

+o(b'7).

For the IG and RIG kernels, proofs are straightforward and thus omitted. W

Lemma B2. Let

Oy LG (va/b+1,b/v) .1, L IG (x,0/b) €, , £ RIG(1/ (z—b),v/b),v > 1.

)

(a)-(i) First four moments of 0, around x are

b
l/’

2 b (V.’E + 2b)
E (9,/ r — .'L') = T7

b? (5vx + 6b)

3
E (9,/ x — l') = T,
b2 (3u2:p2 + 26vab + 24b2)

7} .

14

0] (bT/Z) for interior x and even r
E@,,—z)"=<¢ O (b(”l)m) for interior x and odd r (47)
O (b) for boundary x.

(b)-(i) First four moments of n,, , around x are

E (nu,z - LE) = Oa

3
E(ny,x 71:)2 = Lb7

3 3x5b?
E (nv,x - 1‘) = U2 )
3250? (v + 5ab)

E(n,,—z) = s
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(ii) For any integer r > 3,

r | O (b2) for interior x
E (1, —x) = { O (b")  for boundary w. (48)
(c)-(i) First four moments of 0, , around x are
b(1—v
E (gy,m - .’Z?) = %7
2 bdve+ (12 —=3v+3)b
E(gu,x_x) - { ( V2 ) }a
3 b2 {(=3v +6)ve — (v* — 62 + 150 — 15) b
E(gu,x_l‘) = { ( 3 ) }7
v
4 b? {3v22% 4 (612 — 30v + 45) vab + (v* — 1002 + 4507 — 1050 + 105) b?}
E (gv,w — x) = i .
v
(ii) For any integer r > 3,
r | O (b2) for interior x
B (6. —2) = { O (") for boundary x. (49)
Proof of Lemma B2: Part (a)-(i). We show that the recursive formula
b b\ =y b’ :
E _ r_ 2 . r—1 e I o _ r—1—j
(bro— )" = E(ua—2)"" + (m + U) Z [[er-1-% (V> E(0,, — ) (50)
Jj=1k=0
holds for r € N. First four moments of 0, , around z directly follows this formula.
By the property of the Gamma distribution, we have
; b\’ i v
R ahed
E(0),) = <V> 11 ( ; +1+k).
k=0
Then, applying a binomial expansion and Pascal’s triangle yields
BO-a) = 3 (7)E @) (o
— \J ’
7=0
r o b ji—1
Eer ()@ TG
, i) \v
7=0 k=0
_ _iffr—1 r—1 b\ iy v
— _1 =7 e g 1 r—3
> (o) () C) I )
7=0 k=0
T jg—1
Ny (T (B T (2
= > (1 (j_1> (V> H(b +1+k)x
j=0 k=0
r jj—1
iy (T (2 ! vr r—j
+3 (-1 ( ; >(V> [1(5 +1+k)a
§=0 k=0
= A(r)+B(r) (51)
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On the other hand, by ("7}') =0,

j—1

s () () I )

J

= S () e S G T e

k=0

MR EIION (GRS

k=0

gy e )

The first term on the right-hand side reduces to (x +b/v) E (6, 5 — 2)""'.  In addition, since

("';l)j =(r—-1) (;:f), the second term on the right-hand side reduces to

()

Therefore,

§ (-t ((r ;1)1_ 1) (i)g ﬁ (%x +1+ k:) :E(r_l)_]} = (i) (r—=1)A(r—1).

j=0 k=0

Ar) = (x+ i) E(by.—2)""+ (i) (r— DA —1).

Using this recursive formula, together with A(1) = (z +b/v) E (0,2 — 2)" (= 2 4 b/v), we have

A= (2+2) {E(au,m R I (b) B0, >} REEY

j=1k=0

Finally, substituting (52) and (53) into (51) establishes (50).

Part (a)-(ii).

Using (50), we prove (47) by induction for interior z and for boundary x separately.
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For interior x. The result in part (i) implies that for interior z,

E(,,—2)° = 01)=0 (bo/z) ,
E@,,—2)' = 0®b)=0 (b““)/?) ,
E(,,—2)° = 0(b)=0 (b2/2) :

E@,.—-2)° = 0@M) =0 (b(3+1)/2) 7
E@,,-x)" = o®)=0 (54/2) _

Hence, (47) holds for r =0, 1,2, 3, 4.

Next, suppose that (47) holds for » = 0,1,2,...,s. Then, consider the order of magnitude of
E(0,.—x)""". If sis odd, then s 4 1 is even, and thus we need to show that E (6, , —z)°"" =
0] (b(s+1)/2). By the assumption of induction, the first term on the right-hand side of (50) is
bounded by O {bE (0, —z)"} = O (b**3)/2). Also, by the assumption of induction,

O(b(sﬂ /2) for j=1,3,...,s

. i bJO(bSJ/Q)
VE @, —x) { (b(S+J+1)/2) forj=2,4,...,s—1.

1 vo (b s—j+1)/2 )
Since x 4+ b/v = O (1) for interior z, the second term on the right-hand side of (50) is bounded by

O (b*+t1/2). Therefore, we have E (6,,, — )t =0 (bs+1)/2).

On the other hand, if s is even, then s+1 is odd, and thus we need to show that E (0, , — z)sH =
0] (b(s+2)/2). By the assumption of induction, the first term on the right-hand side of (50) is bounded
by O {bE (0,,, — x)*} = O (b5T2/2). Also, by the assumption of induction,

»O (b<s-j+1)/2) =0 (b(5+-7+1)/2) for j=1,3,...,s

j JPRTE
VE@ra—2) " = { YO (be=/2) = O (b+)/2) for j=2,4,...,s— L.

Then, the second term on the right-hand side of (50) is bounded by O (b(5+2)/2). Therefore, we
have E (6, , — gzr)s's_1 =0 (b(s+2)/2), and thus (47) is proven by induction for interior x.
For boundary z. The result in part (i) implies that as /b — k > 0,
E@,,—2)°" = O@M),E@y.—2)'=00"),E@,,—2)"=0 1%,
E0,,—2)° = 00°),E0,.,—z)"=0@b").
Hence, (47) holds for r =0, 1,2, 3, 4.
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Next, suppose that (47) holds for » = 0,1,2,...,s. We need to show that E (0, , — ax)s+1 =
0] (bS“). By the assumption of induction, the first term on the right-hand side of (50) is bounded
by O{bE(8,. —z)°} = O (b**'). Also, by the assumption of induction, V' E (6, , —z)" 7 =
VO (b°79) = O (b%) for j = 1,2,...,s. Since z+b/v = O (b) when z = rb+o0 (b), the second term on
the right-hand side of (50) is bounded by O (b**'). Therefore, we have E (6, , — ) =0 (b5+1),

and thus (47) is proven by induction for boundary x.
Part (b)-(i). The expression (12) in Tweedie (1957)% gives
: , v [V
B ) = oK () Ko (55)

where K, (z) is the modified Bessel function of the second kind of order v. Applying a binomial

expansion and the expressions (12) and (13) on p.80 in Watson (1944), we have

Bl =) = 3 () B o

=\
- jz;o(—l)r—j (;)mjKjlm (ﬁ) K} (ﬁ) i
=y () S i () o

Then, first four moments of 7, , around x immediately follow.

Part (b)-(ii). By (54), we can write E (1, , — z) =a" > im0 € (zb) for some constants c, c1, . . ., Cy.

To establish (48), it suffices to show that ¢cg = ¢; = 0 for » > 3, because if this is the case, then

N - il [ o) for interior =
E(n,,—x) =0qw 222 (xb)” 0 = { O (bt)  for boundary z.
i=

Since

i — 14+ k)!
(j + k) Lk

(-1+k)! 4
(=1 —F)! =1 v

weo 2RI —1—k)!

we need to show that

o=y () =oa =i ()6) -0

6The expression (12) in Tweedie (1957) contains a typographical error. It should read
WKy 12 (0) Ky (9).

W ! —

My =
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for r > 3. The first equality immediately follows from the standard result of binomial sums.

Furthermore, (g) = (;) = 0, and thus in order to establish the second equality, it suffices to

- r—j (T J
=™ (y) <2> - (5)
We prove (55) by induction. If r = 3, then

0 () (3) =t () () e () () -

J

demonstrate that

for r > 3.

Next, suppose that (55) holds for some r > 3. We want to show that (55) holds for » + 1. By

Pascal’s triangle, we have

Ii

Q
_|_
!

By ( " ) = 0 and the assumption of induction,

o=y () () - ()6) -

On the other hand, by Pascal’s triangle, we have

o= e ()3

Jj=1

s (){0)-0)
S () S ()

By (1) = 0 and the assumption of induction,

o () -»

Jj=2
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In addition, using (;) ({) = 7"(2:}) and the standard result of binomial sums, we have

=g () =g (5

S (1))

and thus (55) is proven by induction.

Therefore,

Part (c)-(i). Using the expression (33) in Tweedie (1957), we have

S i~ (k) b\
E(&).) = (@=0) kZ_OQkk:!(jk)!{u(zb)}

so that
E(¢,,—z) = s ")E 7)) (—2)
o = 2 (7))
- " (o — jj (U +k)! b erfj
j:O( 1) <j)( b)kX_(:]Qkk!(j_k)!{l/(x—b)} '
Note that
N~ G+ R)! b " & Gtk i (2)
=t kzo2k‘l~c!(j—k:)!{u(x—b)} - ,;)2’%';— =0 k<V) ’
j—k .
@™ = e (T e
' ()
Hence,

r j j—k r ; Pk . k) e e
E(,—z) = ZZ i+ (;) (j l )2’6/8'(?—)1@'” hgr—h—lpht (56)

Then, first four moments of £, . around x immediately follow.

v,z

Part (c)-(ii). By (56), we can write E (¢, , — a:)r = Z;ZO djz"~Ib7 for some constants do, d1, . . ., d,.

v,T

To establish (56), it suffices to show that dg = dq = 0 for » > 3, because if this is the case, then

r S O (b*) for interior z
2\ = r=ipi | —
E (5”*1 z) 0 (ZQ:E b ) { O (b") for boundary z.
=
The coefficient on z"b" can be obtained by setting k + [ = 0 < (k,1) = (0,0) in (56). Hence,

r i j—k
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which is zero by the standard result of binomial sums. Moreover, the coefficient on z”~!b! can be

obtained by setting k+1 =1 < (k,l) = (1,0),(0,1) in (56). Hence,
r j Jj—k . .
_ vt (TN (=K _(G+E!
o= 2330 () ()
3=0 k=0 (=0
. . |
(] k) G+R

i
+ _q)ritt (7") .
j=0kZ:;)l:0( ) J l 2kE! (j — k)!

o (e o ()

(k,1)=(1,0)

(k,1)=(0,1)

=0 =0
_ igj(—ly‘—j ()3 +r§<—1)“j‘1 (7))
= E4F

p-1 _T1<1)” (;) (jgl) ~%

=
for r > 3, where C is defined in the proof of part (b)-(ii) of this lemma. Furthermore, by (lel) =0
and the standard result of binomial sums,
J ; r—1 = i (r—1
F=(n VO (T e S e (T <

j=1 i1 j=0 J

Therefore, d; = 0 for 7 > 3, which completes the proof. W

Lemma B3. (Volkonskii and Razanov, 1959) Let Vi,...,Vy be strongly mizing random
variables measurable with respect to the o-algebras Firoo 7]-'7L respectively with 1 < i1 < j; < i3 <

110" 1L

e <jp <T, 41 —fi>w>1and |Vj| <1 for j=1,...,L. Then,

<16(L—-1)a(w),

E(ﬁ%)—ﬁEww

where « (w) is the strong mizing coefficient.
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TABLE 1. Monte Carlo statistics of bond and option prices based on nonparametric (Gaussian NW
and Gamma NW) and OLS estimators in the CIR model with x = 0.21459, § = 0.085711 and
o = 0.0783.

bond price call option price
true price 0.83763 1.93118
OLS
median estimate 0.81979 0.69922
mean estimate 0.81546 1.09872
std. deviation 0.03242 1.18950

90% confidence interval | [0.75621, 0.85952] | [0.00000, 3.46050]
Gaussian NW

median estimate 0.84073 2.15101
mean estimate 0.83838 2.28154

std. deviation 0.03568 2.80581
90% confidence interval | [0.79089, 0.87444] | [0.02886, 4.73207]
Gamma NW

median estimate 0.83943 2.05317
mean estimate 0.83712 2.11356

std. deviation 0.02505 1.32988

90% confidence interval | [0.79375, 0.87100] | [0.05484, 4.34292]

Notes: The statistics in the table are computed from 5,000 samples generated from the CIR model
with A =1/52 and T = 600. The prices of a three-year zero-coupon discount bond and a one-year
European call option on a three-year bond with face value of $100, strike price of $87 and initial
interest rate of 5% are computed analytically for the OLS estimator and by Monte Carlo simulation
for the nonparametric estimators.
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FIGURE 1. Differences in asymptotic variances of g (z), m%%. (x) and m% (z) for boundary z as
a function of x € [0.2,1].
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FIGURE 2. Median Monte Carlo drift estimates based on asymmetric (Gamma, IG and RIG)

estimators from CIR model with (k,6,0) = (0.21459, 0.085711, 0.0783) and smoothing parameter
equal to 2std(r,)T~/, where std(r;) is the standard deviation of the data.
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FIGURE 3. 90% Monte Carlo confidence intervals of the asymmetric kernel drift estimates from CIR,
model with (k, 6, 0) = (0.21459, 0.085711, 0.0783) and smoothing parameter equal to 2std(r;)T /5,
where std(r;) is the standard deviation of the data. Long dashes: Gamma NW estimator; short
dashes: RIG NW estimator.
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estimators from CIR model with (k,6,c) = (0.85837, 0.085711, 0.1566) and smoothing parameter
equal to 1.5std(r;)T~'/%, where std(r;) is the standard deviation of the data.
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F1GURE 5. 90% Monte Carlo confidence intervals of the asymmetric kernel drift estimates from CIR
model with (k, 6, o) = (0.85837, 0.085711, 0.1566) and smoothing parameter equal to 1.5std(r,)T /3,
where std(r;) is the standard deviation of the data. Long dashes: Gamma NW estimator; short
dashes: RIG NW estimator.
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FIGURE 6. Median Monte Carlo drift estimates from CIR model with (k, 6, c) = (0.21459, 0.085711,
0.0783). The smoothing parameter is selected by h-block cross validation with h = 30.
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FIGURE 7. 90% Monte Carlo confidence intervals of the drift estimates from CIR model with
(k,0,0) = (0.21459, 0.085711, 0.0783) and smoothing parameter selected by h-block cross validation
with A = 30. Long dashes: Gamma NW estimator; short dashes: Gaussian NW estimator.

60



0.10

©

O_ | -
o

N

[y =

(@]

o~

(@]

(@]

|

©

(@]

(@]

|

(@]

ol True Drift

‘ | — — Gamma NW |
< Gamma LL

g | — — — - Gamma RNW .
0 Gaussian NW

0

—

ol i
|

o~

(\{ I Il I Il I Il I Il I Il I Il I Il I Il I

(@]

|

FIGURE 8. Median Monte Carlo drift estimates from CIR model with (k, 6, c) = (0.85837, 0.085711,
0.1566). The smoothing parameter is selected by h-block cross validation with h = 30.

61



0.06

o~

O_ = -

o

N

2

St

|

<o)

<

O‘ |

o

o" § 4
- — True Drift 1

i — — Gamma NW

ol Gamma LL 1

| — — — - Gaussian NW

[se]

o" B ]

N

[\! L 1 L 1 L 1 L 1 L 1 L 1 L 1 L 1 L

o

I 0.02 0.04 0.06 0.08 a.10 0.12 0.14 0.16 0.18

FIGURE 9. Median Monte Carlo drift estimates from Ahn and Gao’s (1999)
parameter selected by h-block cross validation with h = 30.

model with smoothing

-0.14 -0.06 0.02 0.06

-0.22

-0.30

FIGURE 10. 90% Monte Carlo confidence intervals of the drift estimates from Ahn and Gao’s (1999)

model with smoothing parameter selected by h-block cross validation with
Gamma NW estimator; short dashes: Gaussian NW estimator.

62

h = 30. Long dashes:



