Solutions to Assignment No. 2, MAST 330

(1) Problem 14, page 39 (Section 2.1): Consider the associated
equation 3y’ = 2y. Any of its non-trivial (zero) solutions is an in-
tegrating factor of the original ODE: g/ + 2y = te™?’. We solve
d

Y _ 24t and obtain y(t) = e*! as a solution. We use it to multiply

Y

the given ODE:

ey 4 2e%ty = te He?t = 2y £ 2%y =t = (ly) =t

We integrate with respect to ¢ both sides of the equation:

t2 t2
yth - 5 +C = y= e 2t <2 + C) , C' = constant.

Since y(1) = 0, we have that C' must satisfy the equation: 0 =
e 2(1/2 + C), thus C = —1/2. Thus, the final answer is

21
_ =2 ( v =
y—e (2 2).

(2) Problem 15, page 39 (Section 2.1): Ast > 0, re-write the ODE
in the standard form ¢’ + =y =t — 1+ — and consider the associated
equation y' = (2/t)y. Any of its non-trivial (zero) solutions is an
integrating factor of the original ODE. We solve czy = %dt and

obtain y(t) = t? as a solution. We use it to multiply the given ODE
in standard form:

2.1 432 2_754 1 _
2%y + 2ty =t° — t +t:ty—z—§+§+C,C—constant.
Thus )
t t 1 C
y(t) = 13 + 3 + 2 C' = constant.

1
Since y(1) = 1/2, we have that C' must satisfy the equation: 5=

1 1 1 C
173 + B + T thus C' = 1/12. Thus, the final answer is

ot 11

V=3 T3t

(3) Problem 16, page 39 (Section 2.1): Consider the associated

equation y’ = %y again whose solution y = t? is an integrating
2 cost
factor of the linear ODE: 3/ + V= We use t? to multiply

both sides of the given ODE and obtain:

t2y' + 2ty = cost = (t*y) =cost = t’y=sint + C,
1



for C = constant. Thus

_sint  C C_
Y= r + a2 0= constant.
Since y(m) = 0, we have that C' must satisfy the equation: 0 =
int
0+ C/m?, thus C = 0 and the final answer is y = %
(4) Problem 30, page 40 (Section 2.1): Consider the associated

equation 3y’ = —y whose solution y = e~! is an integrating factor of

the linear ODE: 3/ — y = 1 + 3sint. We use e to multiply both
sides of the given ODE and obtain:

e_ty’ — e_ty —e '+ 3¢ tsint = e_ty =—et+3 / e tsintdt.

The last integral can be solved by integration by parts and we obtain:
Thus

3
ety =—e - ie_t(cost +sint) + C, C = constant
or

3
y=-1-— §(cost +sint) + Ce!, C = constant.

Note that, if C' # 0, the term Ce’ becomes unbounded as t — oo,
thus we must yo such that the initial condition y(0) = yo implies
C = 0. From (1), we have that y(0) = —1—3/2+ C, thus, if C =0,
Yo = —5/2.

(5) Problem 3, page 47 (Section 2.2): We start with 3/ +y?sinz =
0 = y = —y?sinz. We would like to divide by ¥, but first we
must check if y = 0, for all x, is a solution. Indeed, it is. So one
solution of the given ODE is the constant function zero. Next, we

1
have —32/ = —sinxdr = —— = cosx + C, where C is arbitrary
Yy

constant. Explicitly, y = — C arbitrary constant, and

cosx +C’
y = 0 are all solutions to the ODE ¢/ + y%sinz = 0.

(6) Problem 4, page 47 (Section 2.2): We have (3+2y) dy = (32% —
1) dx which, by integration, gives the implicit solution 3y + 3? =
23 — x + C, where C is arbitrary constant. (For each fixed C, this
is the equation of a curve which should not pass through any point
of y-coordinate y = —3/2, because the ODE is undefined for that
value of y.)

(7) Problem 5, page 47 (Section 2.2): Before dividing the equation
by cos? 2y, we should note that each constant function y = 7/4 +
nm/2, n arbitrary integer, is a solution to the ODE because it makes
both sides of the equation zero.



3

Assuming now that y is different from any of the values above, we
re-write the ODE in the form
dy
cos? 2y

1
=cos’xdr = 3 sec?(2y) dy = cos® x

1
= 3 tan(2y) = /0082 xdx + C.
We will now evaluate

2z) —1 1
/COS2 rdr = / COS(;:) dr = 1 sin(2x) — g + constant.

Thus, we obtain the non-constant implicit solutions:

1 1
5 tan(2y) = 1 sin(2x) — g + C, C = arbitrary constant.
(8) Problem 6, page 47 (Section 2.2): We note that y = +1 are
each solutions to the ODE for all real x’s.
If y # £1, then we can re-write the ODE as

d dx
v -2 5 arcsiny = In || + C, C = arbitrary constant.

Vi-y2 7
(These implicit solutions are not defined at x = 0, which is obvious
from the fact that In is not defined at zero.)
O



